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3. List the ordered pairs in the relations on {1, 2, 3} corre-
sponding to these matrices (where the rows and columns
correspond to the integers listed in increasing order).

1 0 1 0 1 0
a) (0 1 0 b) {0 1 0
1 0 1 0 1 0
1 1
c) {1 O
1

7. Determine whether the relations represented by the ma-
trices in Exercise 3 are reflexive, irreflexive, symmetric,
antisymmetric, and/or transitive.

For reflexivity we want all 1's on the main diagonal; for irreflexivity we want all 0’s on the main diagonal; for
symmetry, we want the matrix to be symmetric about the main diagonal (equivalently, the matrix equals its
transpose); for antisymmetry we want there never to be two 1’s symmetrically placed about the main diagonal
(equivalently, the meet of the matrix and its transpose has no 1's off the main diagonal); and for transitivity
we want the Boolean square of the matrix (the Boolean product of the matrix and itself) to be “less than or
equal to” the original matrix in the sense that there is a 1 in the original matrix at every location where there
is a 1 in the Boolean square.



In Exercises 23-28 list the ordered pairs in the relations rep-
resented by the directed graphs.
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Recall that the relation is reflexive if there is a loop at each vertex; irreflexive if there are no loops at all;

symmetric if edges appear only in antiparallel pairs (edges from one vertex to a second vertex and from

the second back to the first); antisymmetric if there is no pair of antiparallel edges; asymmetric if is both

antisymmetric and irreflexive; and transitive if all paths of length 2 (a pair of edges (x,y) and (y,z)) are

accompanied by the corresponding path of length 1 (the edge (z,z)). The relation drawn in Exercise 26 is
23.

. 31. Determine whether the relations represented by the di-

rected graphs shown in Exercises 23-25 are reflexive, ir-
reflexive, symmetric, antisymmetric, and/or transitive.
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1. Let R be the relation on the set {0, 1, 2, 3} containing the
ordered pairs (0, 1). (1, 1). (1, 2).(2,0). (2, 2), and (3, 0).

Find the

a) reflexive closure of R. b) symmetric closure of R.
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Symmetric closure?
Reflexive closure?



16. Determine whether these sequences of vertices are paths

17.

in this directed graph.
a) a b c e

b) b,e c b, e

¢) aabede

d) bc,e,d, a,a b

e) be e b e d e d
f) aa b b c c b e d

Find all circuits of length three in the directed graph in
Exercise 16.

21. Let R be the relation on the set of all students contain-

ing the ordered pair (a, b) if @ and b are in at least one
common class and a # b. When is (a, b) in

a) R*? b) R? c) R*?

25. Use Algorithm 1 to find the transitive closures of these

relations on {1, 2, 3, 4}.

a) {(12),(2,1),(23),(3,4).(4 1)}

b) {(2,1).(2,3),(3,1),(3,4),(4,1). (4, 3)}

¢ {(1,2).(1,3).(1,4).(23).(2.4).(3,4)}

d) {(1,1),(1,4),(21).(23).(3,1),3,2).(3,4). (4. 2)}

Note: avoid symmetry to become
irreflexive a # b



Equivalence Relations

A relation on a set A is called an equivalence relation if it 1s reflexive, symmetric, and
transitive.

EXAMPLE 3 Congruence Modulo m Let m be an integer with m > 1. Show that the relation
R={(a b)| a=b(modm)}
is an equivalence relation on the set of integers.

Equivalence Classes

if R is an equivalence relation on a set A, the equivalence class of the element a 1s [a]; = {5 | (a, s) € R}

What are the equivalence classes of 0, 1, 2, and 3 for congruence modulo 4?

Solution: The equivalence class of 0 contains all integers a such thata = 0 (mod 4). The integers
in this class are those divisible by 4. Hence, the equivalence class of 0 for this relation is

[0]={...,—8,-4,0,4,8, ... |
The equivalence class of 1 contains all the integers a such that @ = 1 (mod 4). The integers in

this class are those that have a remainder of 1 when divided by 4. Hence, the equivalence class
of 1 for this relation is

M ={...,-7,-3,1,509, ...}



1. Which of these relations on {0, 1,2, 3} are equivalence 35. What is the congruence class [n]5 (that is, the equiva-

relations? Determine the properties of an equivalence re- lence class of n with respect to congruence modulo 5)
lation that the others lack. when n is

a) {(0,0),(1,1),(2,2).(3,3)} a) 27 b) 3? ) 67 d) -3?
b) {(0,0),(0,2),(2,0),(2,2),(2,3),(3,2),(3,3)}
c) {(0,0) (L 1) (L 2),(21)(22),(33)}
d) {(0,0),(1,1),(1,3),(2,2). (2, 3), (3, 1).(3,2), (3, 3)}
e) {(0,0),(0,1),(0,2),(L,0),(1L1),(L,2),(2,0),
(2,2),(3,3))

2
3
2

e -

1,
1,
0:

In Exercises 21-23 determine whether the relation with the
directed graph shown is an equivalence relation.

21. 22.




Partial Orderings

A relation R on a set S is called a partial ordering or partial order if it is reflexive, antisym-
metric, and transitive. A set S together with a partial ordering R is called a partially ordered
set, or poset, and is denoted by (S, R). Members of S are called elements of the poset.

Show that the greater than or equal to relation (=) is a partial ordering on the set of integers.

Solution: Because a > a for every integer a, > is reflexive. If @ > b and b > a, then a = b.
Hence, > is antisymmetric. Finally, > is transitive because @ = b and b > ¢ imply thata = ¢. It

follows that = is a partial ordering on the set of integers and (Z, =) is a poset. <4

The divisibility relation | is a partial ordering on the set of positive integers, because it is
reflexive, antisymmetric, and transitive, as was shown in Section 9.1. We see that (Z*, ) is a
poset. Recall that (Z* denotes the set of positive integers.) <

Lexicographic Order
The leximgrsiphic nrderiné < OnA; XA,
(a,,a,) < (b, by), eitherifa, <, b, orif botha, = b, and a, <, b,.

Determine whether (3, 5) < (4, 8), whether (3, 8) < (4, 5), and whether (4,9) < (4, 11) in the
poset (Z X Z, <), where = is the lexicographic ordering constructed from the usual < relation

on Z.

Solution: Because 3 < 4, it follows that (3,5) < (4,8) and that (3,8) < (4,5). We have
(4,9) < (4, 11), because the first entries of (4, 9) and (4, 11) are the same but 9 < 11. |



:lexicographic ordering of strings. a,a,...a, and bb,... b,

t = min(m, n)

string a,as, ... a,, is less than b,b, ... b, if and only if
(a), a5, ..., a;)) < (by, by, ..., b;), Or
(a,, ay, ..., a))= (b, b,, ..., b)and m < n,

discreet < discrete,
discreet < discreetness
discrete < discretion,
discrete < discreti,



1. Which of these relations on {0, 1, 2, 3} are partial order-
ings? Determine the properties of a partial ordering that
the others lack.

a) {(0,0),(1,1),(22).(3,3)}

b) {(0,0), (L 1),(2,0).(2,2),(2,3),(3,2),(3,3)}

¢) {(0,0). (1, 1), (1,2),(22).(3.3)}

d) {(0,0). (L 1), (1,2),(1,3),(22),(2.3), (3. 3)}
)

e) {(0,0),(0 1), (0 2),(1,0)(11)(1,2),(20)
(2,2),(3,3)}

5. Which of these are posets?
a) (Z,=) b (Z# o(Z2z2 d(EZ]

7. Determine whether the relations represented by these
zero—one matrices are partial orders.

1 1
0 b) {0
1 0

1
a) 0
1

1
1
0

0 = =

1
1
0
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16.

18.

19.

Let S = {1, 2, 3,4}. With respect to the lexicographic or-
der based on the usual less than elation,

a) find all pairs in § X S less than (2, 3).

b) find all pairs in § X § greater than (3, 1).

Find the lexicographic ordering of these strings of low-
ercase English letters:

a) quack, quick, quicksilver, quicksand, quacking
b) open, opener, opera, operand, opened
¢) zoo, zero, zoom, zoology, zoological

Find the lexicographic ordering of the bit strings 0, 01,
11,001, 010, 011, 0001, and 0101 based on the ordering
0<1.



