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Foreword: The subject of “Vectors and Matrices”, more politely called Linear Algebra, is one of the basic
disciplines of mathematics. It underlies many branches of more advanced mathematics, such as calculus
of functions in many variables and differential geometry, and it has applications in practically all parts
of physics. There are numerous textbooks on the subject ranging in style from low-level “how-to-do”
guides, mainly teaching the mechanics of manipulating low-dimensional vectors and matrices, to hugely
formalized treaties which barely ever write down a vector or a matrix explicitly. Naturally, a course for
beginning physics students should stay away from either extreme.

In the present text we will follow the inherent logic of the subject, in line with how it is taught in
research universities across the world. This will require some of the language of formal mathematics and
the occasional proof but we will keep this as light as possible. We attempt to illustrate the material
with many examples, both from physics and other areas, and teach the practical methods and algorithms
required in the day-to-day work of a physicist.

Hopefully, a student will finish the course with a good working knowledge of “Vectors and Matrices”
but also with an appreciation of the structure and beauty of the subject of Linear Algebra.

I would like to thank Kira Boehm, Daniel Karandikar and Doyeong Kim for substantial help with the
typesetting of these notes.

Andre Lukas
Oxford, 2013



Notation

R

C

F
V,.W,U
Rn

the real numbers

the complex numbers

a field, usually either the real or the complex numbers

vector spaces

the vector space of n-dimensional column vectors with real entries
the vector space of n-dimensional column vectors with complex entries
boldface lowercase letters are used for vectors

the zero vector

indices to label vector components, usually in the range 1,...,n
components of column vectors v, w, - -

the standard unit vectors in R™

another notation for the standard unit vectors e;, ey, e3 in R?
lowercase letters are used for scalars

uppercase letters are used for matrices

entry (,7) of a matrix A

column vector i of a matrix A

row vector ¢ of a matrix A

the transpose and hermitian conjugate of the matrix A

a matrix with column vectors vy,...,v,

the n x n identity matrix

the standard matrices with (i, 7) entry 1 and zero otherwise
an n X n diagonal matrix with diagonal entries aq,...,a,

the span of the vectors vi,...,vg

the dimension of the vector space V over F'

the dot product between two n-dimensional column vectors
the length of a vector

the angle between two vectors v and w

the cross (vector) product of two three-dimensional column vectors
the triple product of three column vectors in three dimensions
the Kronecker delta symbol in n dimensions

the Levi-Civita tensor in three dimensions

the Levi-Civita tensor in n dimensions

a linear map, unless stated otherwise

the identity map on V'

the image of a linear map f

the kernel of a linear map f

the rank of a linear map f

the commutator of two matrices A, B

the augmented matrix for a system of linear equations Ax = b
the determinant of the column vectors vi,...,v,

the determinant of the matrix A

the permutations of 1,...,n

the sign of a permutation o

a real or hermitian scalar product (or a bi-linear form)

the adjoint linear map of f

the eigenspace of A for A



XA(A) the characteristic polynomial of A as a function of A
tr(A)  the trace of the matrix A



1 Vector spaces and vectors

Linear algebra is foundational for mathematics and has applications in many parts of physics, including
Classical Mechanics, Electromagnetism, Quantum Mechanics, General Relativity etc.

We would like to develop the subject, explaining both its mathematical structure and some of its physics
applications. In this section, we introduce the “arena” for Linear Algebra: vector spaces. Vector spaces
come in many disguises, sometimes containing objects which do not at all look like ”vectors”. Surprisingly,
many of these “unexpected” vector spaces play a role in physics, particularly in quantum physics. After
a brief review of “traditional” vectors we will, therefore, introduce the main ideas in some generality.

1.1 Vectors in R"

The set of real numbers is denoted by R and by R™ we mean the set of all column vectors

U1
v = : , (1.1)

Un
where v1,...,v, € R are the components of v. We will often use indezx notation to refer to a vector and
write the components collectively as v;, where the index ¢ takes the values ¢ = 1,...,n. There are two

basic operations for vectors, namely vector addition and scalar multiplication and for column vectors they
are defined in the obvious way, that is “component by component”. For the vector addition of two vectors
v and w this means

U1 w1 V1 + wq
v = : , W= : , VH+w:= : , (1.2)

Un Wn Un + Wy

where the vector sum v + w has the geometrical interpretation indicated in Fig. 1.

V+W

\ 4

Figure 1: Vector addition



The scalar multiplication of a column vector v with a scalar o € R is defined as

av1
av = : ) (1.3)

Qv

and the geometrical interpretation is indicated in Fig. 2.

!

av

>
Figure 2: Scalar multiplication of vectors
Example 1.1: Vector addition and scalar multiplication in R?
As an example in R? consider the two vectors
1 —4
v=| -2 |, w = 1 (1.4)
5 -3
Their vector sum is given by
1 —4 -3
v+w=| -2 | + 1 1=1-11]". (1.5)
5 -3 2
Further, scalar multiplication of v by o = 3 gives
1 3
av=3| -2 | = -6 | . (1.6)
5 15

These two so-defined operations satisfy a number of obvious rules. The vector addition is associative,
(u+v)+w=u+(v+w), it is commutative, u + v = v + u, there is a neutral element, the zero vector

0
o= : |, (1.7)



which satisfies v + 0 = v and, finally, for each vector v there is an inverse —v, so that v + (—v) = 0.
The scalar multiplication satisfies three further rules, namely the distributive laws a(v + w) = av + aw,
(a+ B)v = av + pv and the associativity law (af)v = a(fv). These rules can be easily verified from the
above definitions of vector addition and scalar multiplication and we will come back to this shortly. It is
useful to introduce the standard unit vectors

0

e; = +— " position, fori=1,...,n, (1.8)

o = O

0
in R” which are the n vectors obtained by setting the i*® component to one and all other components to
zero. In terms of the standard unit vectors a vector v with components v; can be written as

n
vV =vie; + -+ v,€e, :Zviei . (19)
i=1

The results of vector additions and scalar multiplications can also be expressed in terms of the standard
unit vectors. With two vectors v = Z?:l v;e; and w = Z?:l w;e; we have
n n n n n
vV+w= Zviei + Zwiei = Z(vz + w;)e; , av = aZviei = Z(avi)ei ) (1.10)
i=1 i=1 i=1 i=1 i—1
Here we have used some of the above general rules, notably the associativity and commutativity of vector
addition as well as the associativity and distributivity of scalar multiplication.
In a physics context, the case n = 3 is particularly important. In this case, sometimes the notation

1 0 0
i:e1: 0 5 j:egz 1 5 k:egz 0 (1.11)
0 0 1
for the three standard unit vectors is used, so that a vector r with components z, y, z, can be expresses
as
x
r=|y | =xi+yj+zk. (1.12)
z

Example 1.2: Vector addition and scalar multiplication with standard unit vectors
With the standard unit vectors i, j and k in R3 the vectors v and w from Eq. (1.4) can also be written as
v=1i-2j+ 5k, w=—-4i+j—3k. (1.13)
With this notation, the vector addition of v and w can be carried out as
v+w=(1-2j+5k)+ (—4i+j—3k)=-3i—j+2k. (1.14)
For the scalar multiple of v by a = 3 we have

av = 3(i — 2j + 5k) = 3i — 6j + 15k . (1.15)



While the case n = 3 is important for the description of physical space, other values are just as relevant
in physics. For example, a system of k mass points moving in three-dimensional space can be described
by a vector with n = 3k components. In Special Relativity, space and time are combined into a vector
with four components. And finally, in Quantum Mechanics, the quantum states of physical systems are
described by vectors which, depending on the system, can be basically any size. For this reason, we will
keep n general, whenever possible.

You are probably not yet sufficiently familiar with the above physics examples. Let me discuss an
example in a more familiar context which illustrates the need for vectors with an arbitrary number of
components and also indicates some of the problems linear algebra should address.

Application: Google’s search algorithm
Modern internet search engines order search results by assigning a page rank to each website. As we will
see, this task can be formulated as a problem in linear algebra.

Consider an internet with n web sites labeled by an index £ = 1,...,n. Each site k has nj links to
some of the other sites and is linked to by the sites Ly C {1,...,n}. We would like to assign a page rank
x) to each site k. A first attempt might be to define the page rank of a page k as the number of pages
linking to it. However, is it desirable that a page linked to by high-ranked pages has itself a higher rank
than a page linked to by low-ranked pages, even if the number of links is the same in each case. So, an
improved version might be to define zj, as the sum of all page ranks x; of the pages linking to k, so as
a sum over all z;, where j € L;. As a further refinement, a link to page k from a page j with a low
number of links n; might be considered worth more than a link from a page j with a high number of links.
Altogether, this leads to the following proposal for the page rank

=Y % . (1.16)

je€Ly

Note that these are n equations (one for each page rank x) and that the sum on the RHS runs over
all pages j which link to page k. Egs. (1.16) constitute a system of n linear equations for the variables
x1,...,%, (while the number of links, n;, are given constants). Perhaps this is best explained by focusing
on a simple example.

Consider a very simple internet with four sites, so n = 4, and a structure of links as indicated in Fig. 3.
From the figure, it is clear that the number of links on each site (equal to the number of outgoing arrows

n1=3 n3= 1

Figure 3: Example of a simple “internet” with four sites. An arrow from site j to site k indicates that
site k is linked by site j.



from each site) is given by ny = 3, ng = 2, ng = 1, ny = 2 while the links themselves are specified by
Ly = {3,4}, Ly = {1}, Ly = {1,2,4}, Ly = {1,2}. To be clear, L; = {3,4} means that site 1 is linked
to by sites 3 and 4. With this data, it is straightforward to specialize the general equations (1.16) to the
example and to obtain the following equations

o= By
— 1
Tro = 3
1.17)
Ty = G+ F

for the ranks of the four pages. Clearly, this is a system of linear equations. Later, we will formulate such
systems using vector/matrix notation. In the present case, we can, for example, introduce

1 0 0 1 1/2

RS 13 0 0 o0

= o | A7 13 12 0 12 (1.18)
4 1/3 1/2 0 0

and re-write the Egs. (1.17) as Ax = x. This equation describes a so-called “eigenvalue problem”, a class of
problems we will discuss in detail towards the end of the course. Of course, we will also properly introduce
matrices shortly. At this stage, the main point to note is that linear systems of equations are relevant
in “everyday” problems and that we need to understand their structure and develop efficient solution
methods. The four equations (1.17) for our explicit example can, of course, be solved by elementary
methods (adding and subtracting equations and their multiples), resulting in

2

2/3

3/2 |
1

X = (1.19)

where « is an arbitrary real number. Hence, site 1 is the highest-ranked one. In reality, the internet has
an enormous number, n, of sites. Real applications of the page rank algorithm therefore involve very large
systems of linear equations and vectors and matrices of corresponding size. Clearly, solving such systems
will require more refined methods and a better understanding of their structure. Much of the course will
be devoted to this task.

1.2 Vector spaces

The modern mathematical approach is to define vectors by the properties they satisfy rather than by
“what they are” and we would now like to follow this route. First, however, we need to introduce the
concept of a field.

Field: Prime examples of fields are the rational numbers, @Q, the real numbers, R, and the complex
numbers, C. More generally, a field is an arena within which “regular calculations” involving addition and
multiplication of numbers can be carried out. We will write F' for a field and will usually have the real
or complex numbers in mind, although much of what we will do also holds for other fields. For the more
formal-minded, a proper definition of fields can be found in Appendix A.

Example 1.3: Examples of finite fields

10



There exist “unusual” fields which satisfy all the requirements listed in Appendix A. These include fields
with a finite number of elements and here we introduce the simplest such examples, the finite fields
F, ={0,1,...,p — 1}, where p is a prime number. Addition and multiplication of two numbers a,b € F,
are defined by

a+b:=(a+b)modp, a-b=(ab) modp. (1.20)

Here, the addition and multiplication on the right-hand sides of these definitions are just the usual ones
for integers. The modulus operation, a mod p, denotes the remainder of the division of a by p. In
other words, the definitions (1.20) are just the usual ones for addition and multiplication except that the
modulus operation brings the result back into the required range {0,1,...,p — 1} whenever it exceeds
p — 1. Although these fields might seem abstract, they have important applications, for example in
numerical linear algebra. They allow calculations based on a finite set of integers which avoids numerical
uncertainties (as would arise for real numbers) and overflows (as may arise if all integers are used).

The smallest example of a field in this class is Fo = {0,1}. Since every fields must contain 0 (the
neutral element of addition) and 1 (the neutral element of multiplication), Fy is the smallest non-trivial
field. From the definitions (1.20) its addition and multiplication tables are

+[0]1 lof1
0 o1 ofofo (1.21)
1170 1]o]1

Note that, taking into account the mod 2 operation, in this field we have 14+ 1 = 0. Since the elements of
Fo can be viewed as the two states of a bit, this field has important applications in computer science and
in coding theory, to which we will return later.

We are now ready to define vector spaces.

Definition 1.1. A vector space V over a field F (=R, C or any other field) is a set with two operations:

i) vector addition: (v,w)—v+w eV wherev,weV
ii) scalar multiplication: (o, v)— av € V', where « € F and v € V.

For allu,v,w €V and all a, 8 € F, these operations have to satisfy the following rules:

(V1) (u+v)+w=u+(v+w) “associativity”
(V2) There exists a “zero vector”, 0 € V so that 0 +v =v  “neutral element”
(V3) There exists an inverse, —v with v+ (—v) =0 “Inverse element”
(Vi) v+w=w-+v “commutativity”

(V5) a(v+w) =av+aw
(V6) (a+ B)v = av + Bv
(V7) (aB)v = a(Bv)
(V8)1-v=v

The elements v € V' are called “vectors”, the elements o € F of the field are called “scalars”.

In short, a vector space defines an environment which allows for addition and scalar multiplication of
vectors, subject to a certain number of rules. Note that the above definition does not assume anything
about the nature of vectors. In particular, it is not assumed that they are made up from components.

Let us draw a few simple conclusions from these axioms to illustrate that indeed all the “usual” rules
for calculations with vectors can be deduced.

11



i) —(-v)=v
This follows from (V3) and (V4) which imply v 4+ (=v) = 0 and —(—v) + (—v) = 0, respectively.
Combining these two equations gives v + (—v) = —(—v) + (—v) and then adding v to both sides,
together with (V1) and (V3), leads to v = —(—v).

i) 0-v=0

Since Ov = (0 +0)v ()

Ov+0vand Ov=0v + 0 it follows that 0v = 0.
iii) (-1)v=—-v
Since 0 & 0v = (1+(-1))v VoLV®) & 4 (—1)v and 0 = v + (—v) it follows that (—1)v = —v.
We now follow the standard path and define the “sub-structure” associated to vector spaces, the sub vector
spaces. These are basically vector spaces in their own right but they are contained in larger vector spaces.
The formal definition is as follows.

Definition 1.2. A sub vector space W C V is a non-empty subset of a vector space V' satisfying:

(S1) wi +wo € W for all wi,wg € W
(S2) aw € W for all « € F and for allw € W

In other words, a sub vector space is a non-empty subset of a vector space which is closed under vector
addition and scalar multiplication.

This definition implies immediately that a sub vector space is also a vector space over the same field as
V. Indeed, we already know that Ow = 0 and (—1)w = —w, so from property (S2) a sub vector space
W contains the zero vector and an inverse for each vector. Hence, the requirements (V2) and (V3) in
Definition 1.1 are satisfied for W. All other requirements in Definition 1.1 are trivially satisfied for W
simply by virtue of them being satisfied in V. Hence, W is indeed a vector space.

Every vector space V has two trivial sub vector spaces, the vector space {0} consisting of only the
zero vector and the whole space V. We will now illustrate the concepts of vector space and sub vector
space by some examples.

Example 1.4: Some examples of vector spaces

(a) The column vectors discussed in Section 1.1 of course form a vector space. Here, we can slightly
generalize these to V = F" over F, where F' = R or C (or indeed any other field), that is, to column

vectors
U1

vV = , (1.22)
Un

where v; € F. Vector addition and scalar multiplication are of course defined exactly as in Egs. (1.2),
(1.3), that is, component by component. It is easy to check that all vector space axioms (V1)—(V8) are
indeed satisfied for these definitions. For example consider (V6):

(a + B)vr avy + Pur avy Bu1
(a+ B)v 2 : - : O+ s | Pavesy (1)

(a+ B)vn avy, + B, avy, Buy,
It is useful to write the definitions of the two vector space operations in index notation as

(v+w) =0 +w, (av); == aw; . (1.24)

12



The subscript ¢ on the LHS means that component number ¢ from the vector enclosed in brackets is
extracted. Using this notation, the vector space axioms can be verified in a much more concise way. For
example, we can demonstrate (V7) by ((af)v); = (af)v; = a(Bvi) = a(Bv); = (a(BV));.

Now, this example is not a big surprise and on its own would hardly justify the formal effort of our
general definition. So, let us move on to more adventurous examples.

(b) The set of all functions f : S — F from a set S into a field F', with vector addition and scalar
multiplication defined as

(f+9)(=) = flz)+g(x) (1.25)
(af)(x) = af(z), (1.26)

that is, by “pointwise” addition and multiplication, forms a vector space over F. The null “vector” is
the function which is zero everywhere and all axions (V1) — (V8) are clearly satisfied. There are many
interesting specializations and sub vector spaces of this.

(c) All continuous (or differentiable) functions f : [a,b] — F on an interval [a,b] C R form a vector
space. Indeed, since continuity (or differentiability) is preserved under addition and scalar multiplication,
as defined in (b), this is a (sub) vector space. For example, consider the real-valued functions f(z) =
272 + 3z — 1 and g(z) = —2z + 4. Then the vector addition of these two functions and the scalar multiple
of f by @ =4 are given by

(f+9)(z) = 222 +32—1)+(—22+4) = 222 +2+3 , (af)(z) = 4(22%+32x—1) = 822 +122—4 . (1.27)

(d) In physics, many problems involve solving 2nd order, linear, homogeneous differential equations of the

form )
d°f df
p(x)w + q(a:)% +7r(x)f=0 (1.28)

where p, ¢ and r are fixed functions. The task is to find all functions f which satisfy this equation.
This equation is referred to as a “linear” differential equation since every term is linear in the unknown
function f (rather than, for example, quadratic). This property implies that with two solutions, f, g of
the differential equation also f + g and «f (for scalars «) are solutions. Hence, the space of solutions of
such an equation forms a vector space (indeed a sub vector space of the twice differentiable functions). A
simple example is the differential equation

d>f

— =0 1.29

i (1.20)
which is obviously solved by f(z) = cos(z) and f(z) = sin(x). Since the solution space forms a vector
space, we know that a cos(z) + fsin(z) for arbitrary «, 5 € R solves the equation. This can also be easily
checked explicitly by inserting f(x) = acos(x) 4+ Bsin(x) into the differential equation.

(e) The matrices of size n X m consist of an array of numbers in F' with n rows and m columns. A matrix
is usually denoted by

a1l .- Qim
A= , (1.30)

Anl -+ Qnm
with entries a;; € F'. As for vectors, we use index notation a;j, where ¢ = 1,...,n labels the rows and
j=1,...,m labels the columns, to collectively refer to all the entries. Addition of two n x m matrices A

13



and B with components a;; and b;; and scalar multiplication can then be defined as

a1 ... Qim bi1 ... bim
A+B = : S I : (1.31)
apl --- Qnm b1 ... bum
a1 +bin ... aim +bim
= : : (1.32)
anl +bn1 ... G+ bum
a1l ... Qim Qail ... Qaim
ad = « : : = : : (1.33)
Gnl -+ Gpm Qlpl -+ Qlpm

that is, as for vectors, component by component. Clearly, with these operations, the n X m matrices with
entries in F' form a vector space over F. The zero “vector” is the matrix with all entries zero. Indeed, as
long as we define vector addition and scalar multiplication component by component it does not matter
whether the numbers are arranged in a column (as for vectors) or a rectangle (as for matrices). By slight
abuse of notation we sometimes denote the entries of a matrix A by A4;; = a;;. In index notation, the
above operations can then be written more concisely as (A + B);; := A;; + Byj and (aA);j := ad;j, in
analogy with the definitions (1.24) for column vectors.
For a numerical example, consider the 2 x 2 matrices

1 -2 05
a(1 ). mo( 02 o
1 -2 0 5 1 3
wem= (1) ( 0 9)= (1) e
while the scalar multiplication of A with o = 3 gives

aA:3<; _i):(g _é). (1.36)

Their sum is given by

This list of examples hopefully illustrates the strength of the general approach. Perhaps surprisingly, even
many of the more “exotic” vector spaces do play a role in physics, particularly in quantum physics. Much
of what follows will only be based on the general Definition 1.1 of a vector space and, hence, will apply
to all of the above examples and many more.

1.3 Linear combinations, linear independence

Let us introduce the following useful pieces of terminology. For k vectors vi,..., vy in a vector space V
over a field F' the expression
k
a1vy+ -t Vg = Z Q;iVi (1.37)
i=1
with scalars aq,...,a, € F, is called a linear combination. The set of all linear combinations of vy,..., v,

k
Span(viy,...,vg) = {Z a;vi|a; € F} , (1.38)
i=1

14



is called the span of vi,...,vy. Although the second definition might seem slightly abstract at first, the
span has a rather straightforward geometrical interpretation. For example, the span of a single vector
consists of all scalar multiples of this vector, so it can be viewed as the line through 0 in the direction of
this vector. The span of two vectors (which are not scalar multiples of each other) can be viewed as the
plane through 0 containing these two vectors and so forth.

We note that Span(vy,...,vg) is a sub vector space of V. This is rather easy to see. Consider two
vectors u,v € Span(vy,...,Vvg) in the span, so that u = > ;a;v; and v = > ;8;v;. Then, the sum
u+v=> ;(a+ Bi)v; is clearly in the span as well, as is the scalar multiple au = " | () v;. Hence,
from Def. 1.2, the span is a (sub) vector space.

Example 1.5: The span of vectors

(a) For a simple example in R? consider the span of the first two standard unit vectors Span(e;,es) =
{ze; + yes | z,y € R} which, of course, corresponds to the z-y plane.

(b) For a more complicated example in R3, define the two vectors

1 0
u=1| 4 , v=| -3
2 1
Their span is given by
a
Span(u,v) = {au+ fv|a,f € R} = da—36 | |a,BER
2a0+

which describes a plane through 0.

The above interpretation of the span as lines, planes, etc. through 0 already points to a problem. Consider
the span of three vectors u, v, w but assume that u is a linear combination of the other two. In this
case, u can be omitted without changing the span, so Span(u,v,w) = Span(v,w). In this sense, the
original set of vectors u, v, w was not minimal. What we would like is a criterion for minimality of a set
of vectors, so that none of them can be removed without changing the span. This leads to the concept of
linear independence which is central to the subject. Formally, it is defined as follows.

Definition 1.3. Let V' be a vector space over F and oy, ...,ax € F scalars. A set of vectorsvy,..., v € V
is called linearly independent if
k
Z%‘Vz‘ =0 = alla; =0. (1.39)
i=1

Otherwise, the vectors are called linearly dependent. That is, they are linearly dependent if Zle a;v; =0
has a solution with at least one o; # 0.

To relate this to our previous discussion the following statement should be helpful.

Claim 1.1. The vectors vi,...,vy are linearly dependent <= One vector v; can be written as a linear
combination of the others.

Proof. The proof is rather simple but note that there are two directions to show.
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“=7. Assume that the vectors vi,..., vy are linearly dependent to that the equation Z?Zl a;v; = 0 has
a solution with at least one «; # 0. Say, a1 # 0, for simplicity. Then we can solve for v to get

1
Vi = —— E Vi, 1.4
1 | 4 (87 ( 0)

and, hence, we have expressed v; as a linear combination of the other vectors.

“<": Now assume one vector, say vi, can be written as a linear combination of the others so that
V1 =Y ;-1 Bivi. Then it follows that )" ; a;v; = 0 with oy =1 # 0 and a; = —f3; for i > 1. Hence, the
vectors are linearly dependent. O

So for a linearly dependent set of vectors we can eliminate (at least) one vector without changing the
span. A linearly independent set is one which cannot be further reduced in this way, so is “minimal” in
this sense.

Example 1.6: : Linear independence of vectors

(a) The standard unit vectors eq, ..., e, in R over R or C" over C form a linearly independent set. This
is quite easy to see using Eq. (1.39). We have

i |
Y aei=| : | =0, (1.41)
=1

Qn
and this clearly implies that all a; = 0.

(b) As a less trivial example, consider the following vectors in R?:

0 0 1
vi= |1 ],vo=|11],v3= 1 (1.42)
1 2 -1
Again, using Eq. (1.39), we have
o3 '
a1V] + Q1Vy + ag3vy = a1 + g + ag =0. (1.43)

(673] +2042 — Q3

From the first component it follows that a3 = 0 and combining the second and the third component leads
to a1 = ag = 0. Therefore the three vectors are linearly independent.

(c¢) Let us discuss linear dependence for systems of two and three vectors. First, assume that the two
(non-zero) vectors u, v are linearly dependent. From Claim 1.1 this means that one can be written as a
linear combination of the other, so, u = av. So for two vectors, linear dependence means that they point
into the same, or opposite direction, that is they lie on the same line through 0.

Analogously, for three linearly dependent vectors u, v, w, one can be expressed as a linear combination
of the other two, so, for example, u = av + Sw. This means that u is in the plane through 0 spanned by
v and w.

(d) In example 1.4(d) we have explained that the solutions to homogeneous, linear second order differential
equations form a vector space. A simple example of such a differential equation is
d*f
dz?

=—f (1.44)
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which is obviously solved by f(x) = sinz and f(x) = cosx. Are these two solutions linearly independent?
Using Eq. (1.39) we should start with asinz + Scosz = 0 and, since the zero “vector” is the function
identical to zero, this equation has to be satisfied for all z. Setting x = 0 we learn that § = 0 and setting
x = m/2 it follows that o = 0. Hence, sin and cos are linearly independent.

(e) For an example which involves linear dependence consider the three vectors

—2 1 0
Vi1 = 0 , Vo = 1 , V3 = 2 (1.45)

1 1 3

Forming a general linear combination gives
—2a1 + a9 '
a1V] + Q1Vy + a3vy = a9 + 203 =0. (1.46)
a1 + ag + 3as

This set of equations clearly has non-trivial solutions, for example a; = 1, as = 2, ag = —1, so that the

vectors are linearly dependent. Alternatively, this could have been inferred by noting that vy = vi + 2vs.

1.4 Basis and dimension

For a given vector space V, it is useful to have a “minimal” set of vectors which still spans the whole
space. Such a set of vectors is called a basis and its formal definition is:

Definition 1.4. A set vi,...,v, € V of vectors is called a basis of V' iff:

(B1) vi,...,vy are linearly independent.

(B2) V = Span(vy,...,vy)

It is easy to check that the vectors in Example 1.6 (a), (b), (d) above from a basis. The concept of basis is
of central importance in the theory of vectors spaces. Every vector can be written as a linear combination
of the basis vectors and, what is more, for a given vector this linear combination is unique:

Claim 1.2. Ifvy,...,v, is a basis of V, every vector v. € V can be written as a unique linear combination
v = Y ", v, that is, giwen v, the o; are uniquely determined. The coefficients «; are called the
coordinates of v with respect to vi,...,Vp.

Proof. We need to show that there is indeed only one set of possible coefficients for a given vector v. Let
us write v as two linear combinations

vV = zn: a;V; = zn: ﬁivi (147)
i=1 =1

with coefficients «; and B;. Taking the difference of these two equations implies

n

D (ai—Bi)vi=0, (1.48)

i=1
and, from linear independence of the basis, it follows that all o; — 8; = 0, so that indeed o; = ;. O

In summary, given a basis every vector can be represented by its coordinates relative to the basis. Let
us illustrate this with a few examples.
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Example 1.7: : Coordinates relative to a basis

(a) For the standard basis e; of V' = F" over I’ we can write every vector w as

w1

n
w = : = Z w;e; (1.49)
i=1

Wn,

so the coordinates are identical to the components.

(b) For a more complicated example, start with the basis

0 0 1
V] = 1 , Vg = 1 , V3= 1 (150)
1 2 -1

of R? and a general vector r with components z, y, z. To write r as a linear combination of the basis
vectors we set

a3
!
r=| vy | =avitavet+azvy=| ai+ax+as (1.51)
Z a1+ 2a9 — a3
which implies z = a3, y = a1 + as + a3, z = a1 + 2a2 — ag. Solving for the a; leads to a3 = —3z + 2y — 2,

as =2 —y+ z, ag = x, so these are the coordinates of r relative to the given basis.

We would like to call the number of vectors in a basis the dimension of the vector space. However, there
are usually many different choices of basis for a given vector space. Do they necessarily all have the same
number of vectors? Intuitively, it seems this has to be the case but the formal proof is more difficult than
expected. It comes down to the following

Lemma 1.1. (Exchange Lemma) Let vy, ...,vy, be a basis of V and w1, ..., w,, € V arbitrary vectors.
If m > n then wy, ..., wy, are linearly dependent.
Proof. If w1 = 0 then the vectors w1, ..., w,, are linearly dependent, so can assume that wy # 0. Since

the vectors v; form a basis we can write
n
Wi = E a;V;
i=1

with at least one «; (say «1) non-zero (or else wi would be zero). We can, therefore, solve this equation

for vq so that
1 n
vi=—|w;— g Q;V;
1 a ( 1 1 z)

i=2
This shows that we can “exchange” the vector vq for wy in the basis {v;} such that V' = Span(wi,va,...,v,).
This exchange process can be repeated until all v; are replaced by w; and V = Span(wy,...,w,,). Since

m > n there is at least one vector, w,41, “left over” which can be written as a linear combination
n
Wntl = Z Biwi .
i=1
This shows that the vectors wi,...,w,, are linearly dependent. ]
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Now consider two basis, vi,...,v, and wi,...,w,, of V. Then the Lemma implies that both n > m
and n < m are impossible and n = m follows. Hence, while a vector space usually allows many choices of
basis the number of basis vectors is always the same. So we can define

Definition 1.5. For a basis vi,...,v, of a vector space V over F we call dimp (V') := n the dimension

of V over F.

From what we have just seen, it does not matter which basis we use to determine the dimension. Every
choice leads to the same result. Let us apply this to compute the dimension for some examples.

Example 1.8: Dimensions of some vector spaces

(a) We have already established that the standard unit vectors ey, ..., e, form a basis of R™ and C" (seen
as vector spaces of the fields R and C, respectively), so dimg(R") = dimc(C") = n. However, note that
C™ as a vector space over R has a basis ey, ..., e,,ie1,...,ie, and, therefore, dimg(C") = 2n.

(b) Following up from example 1.6 (d) we would like to determine the dimension of the solution space (of
real-valued functions) of
ﬁ =—f (1.52)
de? ' '
The general solution is given by f(x) = asinx + f cosz with arbitrary real coefficients o and 5. We have
already seen that sin and cos are linearly independent. Hence, the dimension of this space is 2.

(c) Real polynomials of degree d in the variable z are of the form agr® + ag_12% M 4+ - + a1z + ap with
real coefficients a; and they form a vector space over R. What is the dimension of this space? Clearly, it

is spanned by the monomials 1,z, 22, ..., 2% To show that the monomials are linearly independent start
with
d
> it =0, (1.53)
i=0

take the k' derivative with respect to  and then set = 0. This immediately implies that a;, = 0 and,
hence, that the monomials are linearly independent and form a basis. The dimension of the space is,
therefore, d + 1.

(d) For the n x m matrices with entries in F' (as a vector space over F') define the matrices

0O --- 000 --- 0
0 0 00 0

Eij 0 0 10 0 , (1.54)
0 0 0 0
0O --- 000 --- 0

where i = 1,...,n and j = 1,...,m and the “1” appears in the i*® row and j* column with all other

entries zero. Clearly, these matrices form a basis, in complete analogy with the standard unit vectors.
Therefore, the vector space of n x m matrices has dimension nm.

In the following Lemma we collect a few simple conclusions about vector spaces which are spanned by a
finite number of vectors.
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Lemma 1.2. For a vector space V' spanned by a finite number of vectors we have:

(i) V has a basis
(ii) Every linearly independent set vi,...,vi € V can be completed to a basis.
(15i) If n = dim(V'), any linearly independent set of vectors vi,..., v, forms a basis.

(w) If dimp(V) = dimp(W) and V- C W for two vector spaces V., W then V. =W.

Proof. : (i) By assumption, V is spanned by a finite number of vectors, say V = Span(vy,...,vg). If
these vectors are linearly independent we have found a basis. If not, one of the vectors, say v, can be
written as a linear combination of the others and can, hence, be dropped without changing the span,
so V = Span(vi,...,vg_1). This process can be continued until the remaining set of vectors is linearly
independent.

(ii) If the linearly independent vectors vi,...vy already span V we are finished. If not there exists a
vector vii1 ¢ Span(vy,...vg). Hence, the vectors vy, ..., vk, Vi1 must be linearly independent. We can
continue adding vectors to the list until it spans the whole space. (The process must terminate after a
finite number of steps or else we would contradict the Exchange Lemma 1.1.)

(iii) If dim(V') = n and the linearly independent set vy,...,v, did not span V then, from (ii), it could
be completed to a basis with more than n elements. However, this is a contradiction since the number of

elements in a basis is the same for any choice of basis. Hence, the vectors v1,..., v, must span the space
and they form a basis.

(iv) We can choose a basis vi,...,v, of V. Since V' C W, these basis vectors are linearly independent
in W and, since dimp(W) = dimp(V), they must also form a basis of W, using (iii). Hence V =
Span(vy,...,vy,) = W. O

Application: Magic Squares

An amusing application of vector spaces is to magic squares. Magic squares are 3 X 3 (say) quadratic
schemes of (rational) numbers — we can think of them as 3 x 3 matrices — such that all rows, all columns
and both diagonals sum up to the same total. A simple example is

M= (1.55)

o W
i CA N}
S NN

where every row, column and diagonal sums up to 15. Magic squares have long held a certain fascination
and an obvious problem is to find all magic squares.

In our context, the important observation is that magic squares form a vector space. Let us agree
that we add and scalar multiply magic squares in the same way as matrices (see Example 1.4 (e)), that is,
component by component. Then, clearly, the sum of two magic squares is again a magic square, as is the
scalar multiple of a magic square. Hence, from Def. 1.2, the 3 x 3 magic squares form a sub vector space
of the space of all 3 x 3 matrices. The problem of finding all magic squares can now be phrased in the
language of vector spaces. What is the dimension of the space of magic squares and can we write down a
basis for this space?

It is relative easy to find the following three elementary examples of magic squares:

111 0 1 —1 -1 1 0
Mi=[111], Mp=| -1 0 1|, My= 1 0 -1|. (1.56)
111 1 -1 0 0 -1 1
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It is also easy to show that these three matrices are linearly independent, using Eq. (1.39). Setting a
general linear combination to zero,

a1 — Q3 a1+ a2 + ag a1 — Qg \
a1 My + asMs + ag + Mg = a] — oo+ Qs aq a1+ a9 —ag =0, (1.57)
a1+ ag Q] — Qg — 03 a1+ ag

immediately leads to a; = ag = a3 = 0. Hence, M7, Mo, M3 are linearly independent and span a three-
dimensional vector space of magic squares. Therefore, the dimension of the magic square space is at least
three. Indeed, our example (1.55) is contained in this three-dimensional space since M = 5M; +3Ms+ M.
As we will see later, this is not an accident. We will show that, in fact, the dimension of the magic square
space equals three and, hence, that M7, My, M3 form a basis.

2 Vectors in R", geometrical applications

We would now like to pause the general story (before we resume in the next chapter) and focus on a
number of important topics for column vectors in R™. In particular, we will introduce the scalar and
vector product for column vectors which are widely used in physics and discuss some related geometrical
applications.

2.1 Scalar product in R"

The scalar (or dot) product for two n-dimensional column vectors

is defined as N
a-b:= Zalbz . (22)
i=1

In physics it is customary to omit the sum symbol in this definition and simply write a-b = a;b;, adopting
the convention that an index which appears twice in a given term (such as the index i in the present case)
is summed over. This is also referred to as the Einstein summation convention.

The scalar product satisfies a number of obvious properties, namely

(a) a-b=b-a

(b) a-(b+c)=a-b+a-c

(c) a-(Bb)=pa b (2.3)
(d) a-a>0foralla0

Property (a) means that the dot product is symmetric. Properties (b), (¢) can be expressed by saying
that the scalar product is linear in the second argument (vector addition and scalar multiplication can be
“pulled through”) and, by symmetry, it is therefore also linear in the first argument. It is easy to show
these properties using index notation.

(a) a-b:aibi:biai:b-a

(b) a-(b+c)=a;b;+¢)=abj+aic;=a-b+a-c
(C) (ﬁb) = al(ﬁbz) = Baibi = Ba -b

(d) a=>" a?>0 for a#0

a.
a.
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Scalar products can also be defined “axiomatically” by postulating the four properties (a) — (d) and we
will come back to this approach in Section 6.
The last property, (d), allows us to define the length of a vector as

n 1/2
la] :=+Va-a= (Z a?) . (2.4)

Example 2.1: : Dot product and length of vectors

The three-dimensional vectors

2 2
a= 4 , b=1]1 (2.5)
-2 1
have a dot product
2 2
a-b= 4 |-l 1 ]=2-244-14+(-2)-1=6. (2.6)
-2 1

Their lengths are given by

la] = /22 +42 4+ (—=2)2 = 216 , bl =v22+124+12=16. (2.7)

It follows easily that |aa| = |a|a| for any real number a. This relation means that every non-zero vector
a can be “normalised” to length one by defining

n=|a 'a. (2.8)
The length of n is indeed one, since |n| = ||a|~la| = |a|!|a] = 1.
The dot product satisfies an important inequality.
Lemma 2.1. (Cauchy-Schwarz inequality) For any two vectors a and b in R™ we have
|a-b| < la] [b].
Proof. The proof is a bit tricky. We start with the simplifying assumption that |a] = |b| = 1. Then
0<|laxb?=(atb)-(atb)=|a?+2a-b+|b?=2(1+a-b),

which shows that |a - b| < 1. Now consider arbitrary vectors a and b. If one of these vector is zero then
the inequality is trivially satisfied so we assume that both of them are non-zero. Then the vectors

a b

u=_—, V:H

have both length one and, hence, |u - v| < 1. Inserting the definitions of u and v into this inequality and
multiplying by |a| and |b| gives the desired result. O

A closely related inequality is the famous
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Lemma 2.2. (Triangle inequality) For any two vectors a and b in R™ we have
la+b| < |a] + [b]

Proof.
la+b|* = |a]* + |b]* + 2a-b < |a* + |b|* + 2|a| |b| = (|a| + |b])*,

where the Cauchy-Schwarz inequality has beed used in the second step. O

a+b

Figure 4: Geometric meaning of the triangle inequality: The length |a+b| is always less or equal than the
sum |a| + |b| for the other two sides.

The triangle inequality has an obvious geometrical interpretation which is illustrated in Fig. 4. For
two non-zero vectors a and b, the Cauchy-Schwarz inequality implies that

a-b

1< <1 (2.9)
|al bl
so that there is a unique angle 6 € [0, 7] such that
a-b
cosf = . (2.10)
|af b
al~L /b

Figure 5: Angle between two vectors

This angle @ is called the angle between the two vectors a and b, also denoted <t(a,b). With this definition
of the angle we can also write the scalar product as

a-b = |a||b|cos(<(a,b)) . (2.11)

We call the two vectors, a and b orthogonal (or perpendicular), in symbols a L b, iff a- b = 0. For two
non-zero vectors a and b this means

alb < <I(a,b):g. (2.12)
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Example 2.2: : Angle between vectors and orthogonality

(a) Recall that the two vectors a and b in Eq. (2.5) have a dot product a-b = 6 and lengths |a|] = 2v/6
and |b| = v/6. Hence, the angle between them is given by

6 1 s
cos(<(a, b)) = =—- = <Jab)=—-. 2.13
(alab) = 2 = 5 @b) =7 (2.13)
(b) The two vectors
3 1
1 1

have a dot product a-b=3-1+(—=2)-2+1-1= 0 and are, hence, orthogonal.
(c) Start with a general vector
Y
a= < a ) (2.15)

in R?. It is easy to write down a vector orthogonal to a by exchanging the two components and inverting
the sign of one of them. Of course every scalar multiple of this new vector is also orthogonal to a so the

vectors
b—a ( —az ) . (2.16)
a

are orthogonal to a for arbitrary o € R. Indeed, we have a-b = a(ai1(—a2) + a2a1) = 0. Conversely, it is
easy to see that all vectors orthogonal to a must be of this form.

2.2 Vector product in R3

For two three-dimensional vectors a and b the vector product is defined as

ai b1 asbs — azbo
axb= as X b2 = a3b1 — a1b3 . (2.17)
as b3 arby — azby

Note that this rule is relatively easy to remember: For the first entry of the cross product consider the
second and third components of the two vectors and multiply them “cross-wise” with a relative minus
sign between the two terms and similarly for the other two entries.

Example 2.3: Cross product

Using the above definition, the cross product can be carried out immediately, for example

2 -2 4.5-3-1 17
4 | x 1= 3(2-25|=[ -16 (2.18)
3 5 2.1—4-(=2) 10

However, cross product calculations which involve non-numerical, symbolic expressions can become ex-
tremely tedious if done by writing out all three components explicitly. It is therefore useful to introduce
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a more economical notation and adopt the Einstein summation convention. To this end, we define the
following two objects:

Kronecker delta in R"” The Kronecker delta in R™ is defined by

1 if i=j
where 4,j,... = 1,...,n. For a vector a; we have d;ja; = a; (recall, a sum over j is implied), so the

Kronecker delta acts as an “index replacer”, substituting the summed over index j by ¢ in the previous
expression. Another useful property is d;; = n (again, note the double appearance of i means it is summed
over). The dot product can also be expressed in terms of the Kronecker delta by writing a-b = a;b; =
5Z~jaibj.

Levi-Civita tensor in R? The Levi-Civita tensor, €ijk, Where 7,7, k, ... =1,2,3 is defined as

+1 if (4,4,k) =(1,2,3),(2,3,1),(3,1,2) “cyclic permutations”
eje =+« —1 if (i,7,k) =(2,1,3),(3,2,1),(1,3,2) “anti-cyclic permutations” . (2.20)
0 otherwise

It has a number of useful properties, namely

(a) it remains unchanged under cyclic index permutations, for example €, = €, (2.21)
(b) it changes sign under anti-cyclic index permutations, for example €;;, = —€; (2.22)
(c) it vanishes if two indices are identical, for example €;;; = 0 (2.23)
(d)  €ijr€itm = 0j10km — OjmOn (2.24)
(€)  €ijk€ijm = 20km (2.25)
() €ijk€ijk = 6 (2.26)
(g) €ijkajar =0 . (2.27)
The first three of these properties are obvious from the definition of the Levi-Civita tensor. Property (2.24)

can be reasoned out as follows. If the index pair (j, k) is different from (I,m) (in any order) then clearly
both sides of (2.24) are zero. On the other hand, if the two index pairs equal each other they can do so
in the same or the opposite ordering and these two possibilities correspond precisely to the two terms on
the RHS of (2.24). If we multiply (2.24) by 6;;, using the index replacing property of the Kronecker delta,
we obtain

€ijk€ijm — (6j16km - 6jm5kl)5jl = 35km — 5km = 26km

and this is property (2.25). Further, multiplying (2.25) with d,, we have
€ijk€ijk = 20kmOkm = 20k = 6

and, hence, (2.26) follows. Finally, to show (2.27) we write € ajar = —€jpjara; = —€;jpa5a, where the
summation indices j and k have been swapped in the last step, and, hence, 2¢;;,a;a;, = 0.

We can think of d;; and ¢, as a convenient notation for the 0’s, 1’s and —1’s which appear in the definition
of the dot and cross product. Indeed, the dot product can be written as

a-b= aibi = (L-jaiaj y (2.28)
while the index version of the cross product takes the form

(a X b)l = Eijkajbk . (2.29)
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To verify this last equation focus, for example, on the first component:
€1jka;b, = €123a2b3 + €132a3b2 = asbz — azbs (2.30)

which indeed equals the first component of the vector product (2.17). Analogously, it can be verified that
the other two components match. Note that the index expression (2.29) for the vector product is much
more concise than the component version (2.17).

Example 2.4: Vector products in physics
Vector products make a frequent appearance in physics. Here are a few basic examples:

a) In mechanics the angular momentum of a mass m at position r and with Velocity r is given by
L=mrxr.

(b) The force a magnetic field B exerts on a particle with charge ¢ and veclocity r, the so-called Lorentz
force, is given by F = g1 x B.

(c¢) The velocity of a point with coordinate r in a rotating coordinate system with angular velocity w is
given by v =w X r.

The vector product satisfies the following useful properties.

axb=-bxa
x(b+c)=axb+axc
ax (fb)=paxb

—~ o~
T o

—
@]

€] Xey=e3, ey Xe3=e, e3XxXe =e

(2.31)
(2.32)
(2.33)
(2.34)
axa=0 (2.35)
(2.36)
(2.37)
(2.38)

o~
- O
N N e e e S N N

x (bxc)=(a-c)b—(a-b)c
(axb)-(cxd)=(a-c)(b-d)—(a-d)(b-c)
laxb=[al’b[* —(a-b)?

—~ o~
=]

Property (a) means that the vector product is anti-symmetric. Properties (b) and (c) imply linearity in
the second argument (vector addition and scalar multiplication can be “pulled through”) and, from anti-
symmetry, linearity also holds in the first argument. Property (g) is sometimes referred to as Lagrange
identity. The above relations can be verified by writing out all the vectors explicitly and using the
definitions (2.2) and (2.17) of the dot and cross products. However, for some of the identities this leads to
rather tedious calculations. It is much more economical to use index notation and express dot and cross
product via Egs. (2.28) and (2.29). The proofs are then as follows:

a (a X b)z = eijkajbk = —eikjbkaj = —(b X a)i
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(f) (a X (b X C))l = Ez'jkaj(b X C)k = eijkekmnajbmnn = 5kij5kmnajbmcn (224) (5im5jn — (Sm(sj'm)ajmen
= ajc;b; — ajbjc; =a-cb; —a-be; = ((a-c)b — (a-b)c);

(g) (axb)-(cxd)= eijpeimnabpcmdn = (S1mOm — Ojndim)a;bpcmdn = (a-c)(b-d) — (a-d)(b-c)

(h) Set ¢ = a and d = b in property (g).

Note how expressions in vector notation are converted into index notation in these proofs by working from
the “outside in”. For example, for property (f) we have first written the outer cross product between a
and b x ¢ in index notation and then, in the second step, we have converted b x ¢. Once fully in index
notation, the order of all objects can be exchanged at will - after all they are just numbers. In the proofs
of (f) and (g) the Kronecker delta acts as an index replacer, as explained below Eq. (2.19).

It is worth pointing out that the cross product can also be defined axiomatically by postulating a
product x : R? — R3 with the properties (a) — (d) in (2.31)—(2.34). In other words, the cross product
can be defined as an anti-symmetric, bi-linear operation, mapping two three-dimensional vectors into a
three-dimensional vector, which acts in a simple, cyclic way (that is, as in property (d)) on the standard
unit vectors. It is easy to see that the vector product is indeed completely determined by these properties.
Write two vector a,b € R3 as linear combinations of the standard unit vectors, that is, a = >, a;e; and
b =3, bje;, and work out their cross product using only the rules (a) - (d) (as well as the rule (e) which
follows directly from (a)). This leads to

axb= (Z Cliei) ) [ Dobies | TS aibjen x e Y aibjen e (2:39)
i j ij i#j
2.31),(2.34
(2:31).2:31) (a2bs — azbz)er + (azbr — arbz)es + (arbs — azbi)es , (2.40)

which coincides with our original definition (2.17).

Application: Kinetic energy of a rotating rigid body

An example which illustrates some of the above identities and techniques in the context of classical
mechanics is the kinetic energy of a rigid rotating body. Consider a rigid body, as depicted in Fig. 6,
which we would like to think of as consisting of (a possibly large number of) mass points, labeled by an
index «, each with mass m,, position vector r,, and velocity v,. The total kinetic energy of this body is of
course obtained by summing over the kinetic energy of all mass points, that is, Fy, = % Yoa mqv2. From
Example (2.4)(c) we know that the velocity of each mass point is related to its position by v, = w X ra,
where w is the angular velocity of the body. The kinetic energy of the rotating body can then be written
as

1 1 (2.38) 1
Eign = 2zajmavi = 22@:% lwxr PP S Y mallw P ra P (@ ra)?)

«

1 1
= 5 Zma(wiwﬂij | Ty |2 —wiraiwjraj) = 5(,«}7; Zma(] | Y |2 57;]' — Tairaj) w]' .
e a

=: Ii]'

The object in the square bracket, denoted by I;;, is called the moment of intertia tensor of the rigid
body. It is obviously symmetric, so I;; = I;;, so we can think of it as forming a symmetric matrix, and
it is a characteristic quantity of the rigid body. We can think of it as playing a role in rotational motion
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Figure 6: A rotating rigid body

analogous to that of regular mass in linear motion. Correspondingly, the total kinetic energy of the rigid
body can be written as

1
Ekin = 5 Z Iijwiwj (241)
1’7-7

This relation is of fundamental importance for the mechanics of rigid bodies, in particular the motion of
tops, and we will return to it later.

Dot and cross product can be combined to a third product with three vector arguments, the triple product,
which is defined as

(a,b,c):=a-(bxc). (2.42)
It has the following properties

(a) (a, b, C) = eijkaibjck = a16203 + (125301 + a3b102 — a1b302 — a2b103 — a3b261 (2.43)
(b) It is linear in each argument, e.g. (oa + fb,c,d) = a(a,c,d) + (b, c,d) (2.44)
(¢) It is unchanged under cyclic permutations, e.g. (a,b,c) = (b, c,a) (2.45)
(d) It changes sign for anti-cyclic permutations, e.g. (a,b,c) = —(a, c,b) (2.46)
(e) It vanishes if any two arguments are the same, e.g. (a,b,b) =0 (2.47)
(f)  The triple product of the three standard unit vectors is one, that is (e1,e2,e3) =1 (2.48)

Property (a) follows easily from the definitions of dot and cross products, Egs. (2.28) and (2.29), in index
notation and the definition (2.20) of the Levi-Civita tensor. Properties (b)—(e) are a direct consequence of
(a) and the properties of the Levi-Civita tensor. Specifically, (c) and (d) follow from (2.21),(2.22) and (e)
follows from (2.27). Property (f) follows from direct calculation, using the cross product relations (2.34)
for the standard unit vectors.

Another notation for the triple product is

det(a, b, c) := (a,b,c) , (2.49)
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where “det” is short for determinant. Later we will introduce the determinant in general and for arbitrary
dimensions and we will see that, in three dimensions, this general definition indeed coincides with the
triple product.

Note that the six terms which appear in the explicit expression (2.43) for the triple product correspond
to the six permutations of {1, 2,3}, where the three terms for the cyclic permutations come with a positive
sign and the other, anti-cyclic ones with a negative sign. There is a simple way to memorise these six
terms. If we arrange the three vectors a, b and ¢ into the columns of a 3 x 3 matrix for convenience, the
six terms in the triple product correspond to the products of terms along the diagonals.

al b1 C1
X ><b X X

det a9 2 C9
X X X X
as b3 C3

= aibacs + asbzer + azbico — arbsea — asbicg — agbacy (2.50)

Here north-west to south-east lines connect the entries forming the three cyclic terms which appear with
a positive sign while north-east to south-west lines connect the entries forming the anti-cyclic terms which
appear with a negative sign. Corresponding lines on the left and right edge should be identified in order
to collect all the factors.

Example 2.5: Calculating the triple product

Let us calculate the triple product (a,b,c) = a- (b x c) for the three vectors

1 ) 4
a= 2 |, b= 51, e=| -6 ] . (2.51)
-3 1 3

One way to proceed is to first work out the cross product between b and c, that is

-2 4 21
bxc= 5 | x| -6 | = 10 . (2.52)
1 3 -8
and then dot the result with a, so
-1 21
a-(bxc)= 2 |- 10 | =23. (2.53)
-3 -8

Alternatively and equivalently, we can use the rule (2.50) which gives
-1 =2 4

XXX X

X_ X XX

= (=1)-5-34(=2)-(=6)-(=3)+4-2-1—(=1)-(=6) -1 —(=2)-2-3—4-5-(=3)
= —15-364+8—6+12+60=23.

det(a, b, c) = det (2.54)

Having introduced all the general definitions and properties we should now discuss the geometrical inter-
pretations of the cross and triple products.
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Geometrical interpretation of cross product:
Property (2.47) of the triple product implies that the cross product a x b is perpendicular to both vectors
a and b. For the length of a cross product it follows

(2.38) 1 a-b)?
ax b (aPIbP @b =lalbl - 2R
—_————

=1-cos?(<(a,b))

N|=

=|a|-|b]|sin<(a,b) (2.55)

From this result and Fig. 7 the length, |a x b|, of the cross product is equal to the area of the rectangle

a
Figure 7: Shear, leaves the area unchanged

indicated and, as this area is left invariant by a shear, it equals the area of the parallelogram defined
by the vectors a and b. In summary, we therefore see that the vector product a x b defines a vector
perpendicular to a and b whose length equals the area of the parallelogram defined by a and b.

This geometrical interpretation suggests a number of applications for the cross product. In particular,
it can be used to find a vector which is orthogonal to two given vectors and to calculate the area of the
parallelogram (and the triangle) defined by two vectors.

Example 2.6: Applications of the cross product

Consider the two vectors

1 3
a=| -2 ) b= 0 (2.56)
0 -1
with cross product
1 3 2
c:=axb=| -2 | x 0 |]=1|1 (2.57)
0 -1 6

It is easy to verify that c is indeed orthogonal to a and b, that is, c-a = c-b = 0. The area of the
parallelogram defined by a and b is given by

la x b| = V41 , (2.58)

while the area of the triangle defined by a and b is half the area of the parallelogram, that is v/41/2 for
the example.

Geometrical interpretation of triple product
We first note that the triple product of three standard unit vectors is (e1,e2,e3) = e1 - (e2 X eg) =
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e; - e; = 1 which equals the volume of the unit cube. For three arbitrary vectors cei, Ses, yes in the
directions of the coordinate axis we find, from linearity (2.44) of the triple product, that (e, Sez,ves) =
afy(e1, ez, eg) = afy which equals the volume of the cuboid with lengths «, 3, 7. Suppose this cuboid
is sheared to a parallelepiped. As an example let us consider a shear in the direction of es, leading to a
parallelepiped defined by the vectors a = aej + des, b = fey and ¢ = yes. Then, by linearity of the triple
product and (2.25) we have (a, b, c) = afvy(e1, ez, e3)+087(es, ez, e3) = a7, so the triple product is the
same for the cuboid and the parallelepiped related by a shear. It is clear that this remains true for general
shears. Since shears are known to leave the volume unchanged we conclude that the (absolute) value of
the triple product, |(a,b,c)|, for three arbitrary vectors a, b, ¢ equals the volume of the parallelepiped
defined by these vectors.

This geometrical interpretation suggests that the triple product of three linearly dependent vectors
should be zero. Indeed, three linearly dependent vectors all lie in one plane and form a degenerate
parallelepiped with volume zero. To be sure let us properly formulate and proof this assertion.

Claim 2.1. (a,b,c) #0 = a, b, c are linearly independent.

Proof. If a, b, ¢ are linearly dependent then one of the vectors can be written as a linear combination of
the others, for example, a = Sb + yc. From linearity of the triple product and (2.47) it then follows that

(a;b,c) = (Bb + ¢, b,c) = f(b,b,c) +7(c,b,¢c) = 0
U

We will later generalize this statement to arbitrary dimensions, using the determinant, and also show
that its converse holds. For the time being we note that we have obtained a useful practical way of
checking if three vectors in three dimensions are linearly independent and, hence, form a basis. In short,
if (a,b,c) # 0 then a, b, c form a basis of R3.

Example 2.7: Applications of the triple product

In Example 1.7 we have seen that the three vectors

0 0 1
vi=| 11|, vo=|11], v3= 1 (2.59)
1 2 -1

form a basis of R3. We can now check this independently by computing the triple product of these vectors
and using Claim 2.1. For the triple product we find

0 -3
det(vi,vo,v3) =vi-(vaxvy)=| 1 |- 2 | =1. (2.60)
1 -1

Since this result is non-zero we conclude from Claim 2.1 that the three vectors are indeed linearly inde-
pendent and, hence, form a basis of R3. Moreover, we have learned that the volume of the parallelepiped
defined by vi, vo and vs equals 1.

2.3 Some geometry, lines and planes

The methods developed in this section can be applied to a wide range of geometrical problems in three
dimensions, involving objects such as lines and planes. These applications are in no way central to linear
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algebra and are indeed part of another, related mathematical discipline called affine geometry. However,
given their importance in physics we will briefly discuss some of these applications.

2.3.1 Affine space
The “arena” of affine geometry is affine space A, defined by

P

A, =R"={P = : | pi € R}.

Pn
As a set this is the same as R", however, A,, is simply considered as a space of points without a vector
space structure. Vectors v € R" can act on points P in the affine space A,, by a translation defined as

p1+v1
P—P+v= :

H
The unique vector! translating P = (p1,...,pn)? € A, to Q = (q1,--.,q2)" € A, is denoted by PQ :=
(@1 —p1y-- s qn — pn)T € R™. It is easy to verify that
— —

_
PQ+QR= PR,
a property which is also intuitively apparent from Fig. 8. The distance d(P, Q) between points P and Q

Q
QR
P—Q) R
PR

Figure 8: Addition of translation vectors

H
is defined as the length of the corresponding translation vector PQ), so

.
d(P,Q) :=|PQ| .
We will frequently blur the distinction between the affine space A,, and the vector space R™ and identify
—
a point P € A, with the vector OP € R" translating the origin O to P.

1 . . . . .

For ease of notation we will sometimes write a column v with components v1, ..., v, as v = (v1,...,v,)". The T super-

script, short for “transpose”, indicates conversion of a row into a column. We will discuss transposition more systematically
shortly.
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2.3.2 Lines in R?2

We begin by discussing lines in R?. In Cartesian form they can be described as all points (z,y) € R?
which satisfy the linear equation
y=oazr+b (2.61)

where a, b are fixed real numbers. Alternatively, a line can be described in parametric vector form as all
vectors r(t) given by

(=) _
r(t)—<y(t)>—p+tq, teR. (2.62)

Here, p = (pa, py)T and q = (¢q, qy)T are fixed vectors and t is a parameter. The geometric interpretation
of these various objects is apparent from Fig. 9.

y‘k

b

/p T =p+1q

1

=(2

0 X

Figure 9: Lines in two dimensions

It is sometimes required to convert between those two descriptions of a line. To get from the Cartesian
to the vector form simply use x as the parameter so that x(t) =t and y(t) = at +b. Combining these two
equations into a vector equation gives

r(t) = ( ‘;Eg ) :@—i—t@ (2.63)

1 q

where the vectors p and q are identified as indicated. For the opposite direction, to get from the vector
to the Cartesian form, simply solve the two components of (2.62) for ¢ so that

L—=Pz _ Y —Dy 4y 4y

t= = — Y= — T+py— — Pz (2'64)
qdx Qy qx qx
~— ———
a b

and a and b are identified as indicated.

Example 2.8: Conversion between Cartesian and vector form for two-dimensional lines

(a) Start with a line y = 2z — 3 in Cartesian form. Setting x(¢) = ¢t and y(t) = 2¢ — 3 the vector form of

this line is given b
given by r(w:(igg):(2tt—3>:<—g>+t<;>' (2.65)
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(b) Conversely, the line in vector form given by

r(t) = < - ) +t( ; > (2.66)

can be split up into the two components x = 2 +¢ and y = —1 + 2¢t. Hence, t = x — 2 and inserting this
into the equation for y gives the Cartesian form y = 2x — 5 of the line.

Finally, a common problem is to find the intersection of two lines given by ri(t;) = p1 + t1q1 and
ro(ta) = p2 + toqo. Setting ryi(t1) = ra(t2) leads to
tiq1 — t2d2 = p2 — p1 - (2.67)

If q1, qq are linearly independent then they form a basis of R? and, in this case, we know from Claim 1.2
that there is a unique solution t1,to for this equation. The intersection point is obtained by computing
ri(t1) or ro(te) for these values. If q1, q2 are linearly dependent then the lines are parallel and either there
is no intersection or the two lines are identical.

Example 2.9: Insersection of two lines in two dimensions

We would like to determine the intersection point of the two lines

rl(tl):<;>+t1<_1> , rz(tg):<g>+t2<;> . (2.68)

Setting r1(t1) = ra(t2) leads to

-1 1\ 2 —th—ty = 2
i()n(D)=(2) = ot 260

The unique solution is ¢t; = —2 and t5 = 0, which are the parameter values of the intersection point. To
obtain the intersection point rig itself insert these parameter values into the equations for the lines which
gives

Tisec = I'1(—2) =12(0) = ( 3 ) : (2.70)

2.3.3 Lines in R3
The vector form for 2-dimensional lines (2.62) can be easily generalized to three dimensions:
x(t)

r(t)=| y(t) | =p+tq. (2.71)
z(t)

Here p = (pz,py,p-)" and q = (¢z,qy,q-)" are fixed vectors. As before, we can get to the Cartesian form
by solving the components of Eq. (2.71) for ¢ resulting in

) )

qx Qy qz
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Note that this amounts to two equations between the three coordinates x, ¥y, z as should be expected for
the definition of a one-dimensional object (the line) in three dimensions. The geometrical interpretation
of the various vectors is indicated in Fig. 10.

Example 2.10: Conversion between Cartesian and vector form for lines in three dimensions

(a) We would like to convert the line in vector form given by

x(t) 2 3
rt)=| y(t) | = -1 |+t -5 (2.73)
z(t) 4 2

into Cartesian form. Solving the three components for ¢t immediately leads to the Cartesian form

r—=2  y+l1 =z-4

2.74
t 3 ) 2 (2.74)
(b) Conversely, given the Cartesian form
z—T7 z+3
5 =yt 3 (2.75)

we can solve for x, y and z in terms of ¢ which leads to x =7+ 2t, y = -1+ t, 2 = —3 + 8. Combining
these three equations into one vector equation gives the vector form of the line

x(t) 7 2
r(t)=| y@&) | = -1 | +¢| 1 ]. (2.76)
z(t) -3 8
Y

rt)=p+tq

Figure 10: Lines in three dimensions

For the minimum distance of a line from a given point we have the following statement.
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Claim 2.2. The minimum distance of a line r(t) = p + tq from a point py arises at tyin = fﬁl%g where

d = p — po. The minimal distance is given by dymin = |d X q|/|q].

Proof. We simply work out the distance square d?(t) := |r(t) — po|? of an arbitrary point r(¢) on the line
from the point pg which leads to

d-q]” d-q)?
0 =l d+ra Pl af 2@ aes [aP= [laler 23 a2 (277
This is minimal when the expression inside the square bracket vanishes which happens for t = ty, = —‘d%g.
This proves the first part of the claim. For the second part we simply compute
1 238) | d x q |?
= i) = o (| Pl P —~(d- ) 22 1AL (2.78)
|q |q|
O
Example 2.11: Minimal distance of a line from a point
We would like to find the minimal distance of the line r(t) = p + tq from the point pg, where
2 3 1
4 2 1
Using the notation from Claim 2.2 we have
1 1 3 11
d=p-po=| -2 |, dxqg=| -2 [x| =5 |=]| 7 ]. (2.80)
3 3 2 1
Hence, |d x q| = 3v/19 and |q| = v/38 so that
d x 3
_ldxd 3 (2.81)

dmin = =
lq V2

2.3.4 Planes in R3

To obtain the vector form of a plane in three dimensions we can generalize Eq. (2.71), the vector form of
a 3-dimensional line, by introducing two parameters, ¢; and t2 and define the plane as all points r(t1, t2)
given by
:C(tl, tg)
r(t1,to) = y(t1,t2) =p+tiq+tes, ti,to€R, (2.82)
Z(tl, tg)

where p, q and s are fixed vectors in R3. Of course, for this to really define a plane (rather than a line)
the vectors q and s must be linearly independent. A unit normal vector to this plane is given by

n:\qi2|‘ (2.83)
q
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Multiplying the vector form (2.82) by n = (ng, ny,n.)T (and remembering that n-q =n-s = 0) we get
to the Cartesian form of a three-dimensional plane

n-r=d or Ngx +nyy +n.2 =d, (2.84)

where d = n - p is a constant. From Eq. (2.11) we can re-write the Cartesian form as cos(d)|r| = d,
where § = <(n,r) is the angle between n and r. The distance |r| of the plane from the origin is minimal
if cos(f) = £1 which shows that the constant d (or rather its absolute value |d|) should be interpreted
as the minimal distance of the plane from the origin. The geometrical meaning of the various objects is
indicated in Fig. 11. Finally, to convert a plane in Cartesian form (2.84) into vector form we must first

y‘k ylk
a(x—x9) +b(y—yo)+c(z—2zp)=0

T(ty,t2)Fp+t1q + 38

q

s

P

Figure 11: Cartesian and vector descriptions of a plane

find a vector p with p-n = d (a vector “to the plane”) and then two linearly independent vectors q,r
satisfying g -m = r-n = 0 (two vectors “in the plane”). These are then three suitable vectors to write
down the vector form (2.82).

Example 2.12: Conversion between vector form and Cartesian form for a plane in three dimensions

(a) Start with a plane r(t,t2) = p + t1q + t2s in vector form, where

3 —1 2
p=|2], a=| 0], s= 1] . (2.85)
0 1 -3

To convert to Cartesian form, we first work out a normal vector, N, to the plane, given by

-1 2 1
N=gxs= 0 | x 1 ]1==11 (2.86)
1 -3 1

Then, the Cartesian form reads N -r = N - p and with N - p = —5 this leads to z + y + 2 = 5.

(b) Conversely, start with the plane 2z — 3y + z = 4 in Cartesian form with normal vector N = (2, —-3,1)%.
We need to find two linearly independent vectors “in the plane”, that is, vectors q and r satisfying
N.q = N-s = 0. Obvious simple choices are q = (1,1,1)7 and s = (1,0, —2)7. Further, we need a vector
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“in the plane”, that is, a vector p satisfying N - p = 4 and we can choose, for example, p = (2,0,0)7.
Combining these results the vector form of the plane reads

2 1 1
I‘(tl,tQ) =p+ti1q+tis = 0 + 1 1 + o 0 . (2.87)
0 1 —2

2.3.5 Intersection of line and plane

To study the intersection of a line and a plane first write down vector equations for each, so
ri(t) =a+tb, rp(ti,t2) =p-+tiq+tas. (2.88)
Equating these two, that is rp(t) = rp(t1,t2), leads to
tigq+tss—tbh=a—p. (2.89)

Let us assume that the triple product (b, q,s) is non-zero so that, from Claim (2.1), the vectors b ,q, s
form a basis. In this case, Eq. (2.89) has a unique solution for ¢, ta, t which corresponds to the parameter
values of the intersection point. This solution can be found by splitting (2.89) up into its three component
equations and explicitly solving for ¢, ta, t. Perhaps a more elegant way to proceed is to multiply (2.89)
by (q x s), so that the terms proportional to t; and t3 drop out. The resulting equation can easily be

solved for ¢ which leads to

<p —a,q, S>
tisec = —7 - 2.90
sec <b7 q7 S> ( )

This is the value of the line parameter ¢ at the intersection point and we obtain the intersection point
itself by evaluating rr, (tisec)-
Example 2.13: Intersection of line and plane in three dimensions

Consider a line rz(t) = a+ tb and a plane rp(t1,t2) = p + t1q + t2s in vector form with

1 1 2 1 1
a=|0]|, b=|-1], p=(3], a=|0], s=1]. (2.91)
1 ~1 1 1 2

By straightforward calculation we have (p — a,q,s) = —4 and (b, q,s) = —1 so that, from Eq. (2.90), the
value of the line parameter ¢ at the intersection point is tj,ec = 4. The intersection point, rige, is then
obtained by evaluating the equation for the line at t = tigec = 4, SO

5)
Tisec = I‘L(4) = —4 . (2.92)
-3
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(x—a)?+ (y—b)% + (z—c)? = d?

F—p)o (@ —p)=d?

Figure 12: Sphere in three dimensions

2.3.6 Minimal distance of two lines

Two lines in three dimensions do not generically intersect but we can still ask about their minimal distance.
We begin with the two lines

ri(t;) =pi +tiq;, wherei=1,2 (2.93)
in vector form. One way to proceed would be in analogy with the proof of Claim 2.2, that is, by finding the
values of 1, to for which the distance |ri(¢1) — ra(t2)| is minimal. However, this requires minimization of
a function of two variables, a technique you may not yet be familiar with. Alternatively we can introduce

the unit vector

n— X9 (2.94)
| a1 x qz |

which is evidently perpendicular to both lines and start with the intuitive assertion that the vector of
minimal length between the two lines is in the direction of n. This leads to the relation

p1 +t1d1 — P2 — t2q2 = £dminn (2.95)

where t1, to are the parameter values of the points of minimal distance on the two lines and the sign on
the RHS should be chosen so that dp,i, > 0 (since we would like a distance to be positive). By multiplying
the last equation with n it then follows easily that

dmin = |(P1 — P2) - 1| (2.96)

Example 2.14: Minimal distance of two lines in three dimensions

We begin with two lines ri(t1) = p1 + t1q1 and ra(t2) = p2 + t2q2 in vector form, where

1 0 0 2
pi=|0], aa=(1 /[, p2=|3 |, @= 0| . (2.97)
2 1 0 ~1

The vector (2.94) normal to both lines is then given by

-1 X 1 L
axg=| 2|, n=2ZL_-f o), (2.98)
-9 ’(h X Q2’ 3 -9
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From Eq. (2.96) this gives the minimal distance dmin = [(P1 — pP2) - n| = 11/3 between the two lines.

2.3.7 Spheres in R?

A sphere in R? with radius p and center p = (a, b, c)T consists of all points r = (z, y, z)T with |[r —p| = p.
Written out in coordinates this reads explicitly

(@ —a) +(y— b2+ (z— ) = (2.99)

In particular, setting a = b = ¢ = 0, a sphere around the origin is described by x24y? +2? = p?. The RHS
of this equation is a particular example of a quadratic form, polynomials which consist of terms quadratic
in the variables. We will study quadratic forms in more detail later.

Application: The perceptron - a basic building block of artificial neural networks
Artificial neural networks constitute an important set of methods in modern computing which are moti-
vated by the structure of the human brain. Many of the operating principles of artificial neural networks
can be formulated and understood in terms of linear algebra. Here, we would like to introduce one of the
basic building blocks of artificial neural networks - the perceptron.

The structure of the perceptron is schematically illustrated in Fig. 13. It receives n real input values

T1—| W]

T3—»|Ww3

L= Wy

Figure 13: Schematic representation of the perceptron

r1,...,2, which can be combined into an n-dimensional input vector x = (z1,...,2,)’. The internal state
of the perceptron is determined by three pieces of data: the real values wy, ..., w,, called the “weights”,
which can be arranged into the n-dimensional weight vector w = (wy,...,wy,)?, a real number 6, called

the “threshold” of the perceptron and a real function f, referred to as the “activation function”. In terms
of this data, the perceptron computes the output values y from the input values x as

z=w-x—0, y=f(2). (2.100)

The activation function can, for example, be chosen as the sign function

| 41 for 2>0
1(z) _{ -1 for 2<0 ° (2.101)

Given this set-up, the functioning of the perceptron can be phrased in geometrical terms. Consider the
equation in R™ with coordinates x given by

w-x=20. (2.102)
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Note that this is simply the equation of a plane (or a hyper-plane in dimensions n > 3) in Cartesian form.
If a point x € R™ is “above” (or on) this plane, so that w-x — 6 > 0, then, from Eqgs. (2.100) and (2.101),
the output of the perceptron is +1. On the other hand, for a point x € R™ below this plane, so that
w -x — 0 < 0, the perceptron’s output is —1. In other words, the purpose of the perceptron is to “decide”
whether a certain point x is above or below a given plane.

So far this does not seem to hold much interest - all we have done is to re-formulate a sequence of
simple mathematical operations related to the Cartesian form a plane, in a different language. The point
is that the internal state of the perceptron, that is the choice of a plane specified by the weight vector w
and the threshold 6, is not inserted “by hand” but rather determined by a learning process. This works
as follows. Imagine a certain quantity, y, rapidly changes from —1 to +1 across a certain (hyper-) plane
in R™ whose location is not a priori known. Let us perform m measurements of y, giving measured values
y@® oy e {—1,+1} at locations xM .., x(M) e R". These measurements can then be used to train
the perceptron. Starting from random values w®) and (1) of the weight vector and the threshold we can
iteratively improve those values by carrying out the operations

w(et) = wl@ 4 Ay @ — ) x(@) 9t = (@) _ \(y(@) — ) . (2.103)

Here, y is the output value produced by the perceptron given the input vector x(® and X is a real
value, typically chosen in the interval [0, 1], called the learning rate of the preceptron. Evidently, if the
value y produced by the perceptron differs from the true, measured value y(®), the weight vector and the
threshold of the perceptron are adjusted according to Egs. (2.103). This training process continues until
all measurements are used up and the final values w = w(™*t and 6 = 60"+ have been obtained. In
this state the perceptron can then be used to “predict” the value of y for new input vectors x. Essentially,
the perceptron has “learned” about the location of the plane via the training process and is now able to
decide whether a given point is located above or below.

In the context of artificial neural networks the perceptron corresponds to a single neuron. Proper arti-
ficial neural networks can be constructed by combining a number of perceptrons into a network, using the
output of certain perceptrons within the network as input for others. Such networks of perceptrons corre-
spond to collections of (hyper-) planes and are, for example, applied in the context of pattern recognition.
The details of this are beyond the present scope but are not too difficult to understand by generalising
the above discussion for a single perceptron.
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3 Linear maps and matrices

We now return to the general story and consider arbitrary vector spaces. The next logical step is to study
maps between vector spaces which are “consistent” with the vector space structure - they are called linear
maps. As we will see, linear maps are closely related to matrices.

3.1 Linear maps

Before we consider linear maps we need to collect a few basic facts for general maps between arbitrary
sets. All these are elementary and considered part of basic mathematical literacy. They will help us to
deal with linear maps - and distinguish general properties of maps from more specific ones of linear maps
- but they are also foundational for other parts of mathematics.

3.1.1 General maps between sets and their properties

You probably have an intuitive understanding of a map between two sets but to be clear let us start with
the following definition.

Definition 3.1. A map between two sets X and Y assigns to each x € X ay € Y which is written as
y = f(x) and referred to as the image of x under f. In symbols,

f: X=Y, x = f(x).
The set X 1is the called domain of the map f, Y 1is called the co-domain of f. The set
Im(f) ={f(z)|lr € X} CY

is called the image of f and consists of all elements of the co-domain which can be obtained as images
under f.

Figure 14: Visual representation of a map, with domain, co-domain, and image.

So a map assigns to each element of the domain an element of the co-domain. However, note that not all
elements of the co-domain necessarily need to be obtained in this way. This is precisely what is encoded
by the image, Im(f), the set of elements in the co-domain which can be “reached” by f. If Im(f) =Y
then all elements of the co-domain are obtained as images, otherwise some are not. Also note that, while
each element of the domain is assigned to a unique element of the co-domain, two different elements of
the domain may well have the same image. It is useful to formalize these observations by introducing the
following definitions.
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Definition 3.2. Let f : X — Y be a map between two sets X and Y. The map [ is called

(i) one-to-one (or injective) if every element of the co-domain is the image of at most one element of the
domain. Equivalently, f is one-to-one iff f(x) = f(z) = x =7 for all x,z € X.

(ii) onto (or surjective) if every element of the co-domain is the image of at least one element of the
domain. Equivalently, f is onto iff Im(f) =Y.

(iii) bijective, if it is injective and surjective, that is, if every element of the co-domain is the image of
precisely one element of the domain.

X Y

——————

X Y

_____

Figure 16: The above map is not onto (surjective), since Im(f) #Y.

Example 3.1: Some simple examples of maps
(a) The map f : R — R defined by f(x) = ax, for a non-zero real constant a, is bijective.

(b) The map f : R — R defined by f(z) = 22 is neither injective (since f(x) = f(—x)) nor surjective (since
f(x) > 0 always). However, it can be made surjective if we choose the co-domain to be R=? instead of R.
If we restrict both domain and co-domain to the positive numbers, so consider it as a map f : RZ? — R20,
it is bijective.

(c) The sin function g(x) = sinx seen as a map g : R — R is neither injective (since g(x) = g(x 4 27))
nor surjective (since |g(z)| < 1). However, restricted to g : [-7/2,7/2] — [—1,1] it is bijective.

Two maps can be applied one after the other provided the co-domain of the first map is the same as the
domain of the second. This process is called composition of maps and is formally defined as follows.

Definition 3.3. For two maps f : X =Y and g: Y — Z the compositive map go f : X — Z is defined
by
(g0 f)(@):=g(f(x)) -
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From this definition it is easy to show that map composition is associative, that is, ho(go f) = (hog)o f,
since

(ho(go f))(x)=h((go f)(x)) =h(g(f(x))) = (heog)(f(x)) = ((hog)e f)(z). (3.1)
Example 3.2: Map composition

For a simple example of map composition consider the maps in Example (3.1) (a), (c¢), that is f(z) = az
and g(x) = sin(x). Their composition is g o f(z) = sin(ax) or, in the opposite order, f o g(z) = asin(x).
In other words, if the maps are given as explicit functions then the composition is obtained by “inserting
one function into the other”. The example also shows that map composition is not commutative.

A trivial but useful map is the identity map idx : X — X which maps every element in X onto itself,
that is, idx(z) = x for all z € X. It is required to define the important concept of inverse map.

Definition 3.4. Given a map f: X =Y, a map g:Y — X is called an inverse of f if

(go f)=idx and (fog)=idy.

@ X z
// \\ g f:X-Z

[ :
| r\g o

Xe

=g(f®)

Figure 17: (a) The map go f : X — Z is the composition of maps f : X —-Y and g:Y — Z,
(b) The identity map idx : X — X, (¢) The map f~':Y — X is the inverse map of f : X =Y.

The inverse map “undoes” the effect of the original map and in order to construct such a map we need
to assign to each y € Y in the co-domain an z € X in the domain such that y = f(z). If the map is not
surjective this is impossible for some y since they are not in the image of f. On the other hand, if the
map is not injective some y € Y are images of more than one element in the domain so that the required
assignment is not unique. Finally, if the map is bijective every y € Y is the image of precisely one x € X,
so we can attempt to define the inverse by setting g(y) = x for this unique z. Altogether this suggests the
following

Theorem 3.1. The map f: X — Y has an inverse if and only if f is bijective. If the inverse exists it is
unique and denoted by f~1:Y — X.

Proof. “=” We assume that f : X — Y has an inverse g : ¥ — X with fog =idy and go f = idx.
To show that f is injective start with f(z) = f(Z) and apply ¢ from the left. It follows immediately that
x = &. To show surjectivity of we need to find, for a given y € Y, an x € X such that f(z) =y. We can
choose z = g(y) since f(z) = fog(y) =idy(y) = y. In conclusion f is bijective.

“<” We assume that f is bijective. Hence, for every y € Y there is precisely one z € X with f(x) = y.
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We define the prospective inverse map by g(y) = . Then fog(y) = f(x) =y and go f(z) = g(y) = x.

To show uniqueness we consider two maps g : Y — X and §: Y — X with go f(z) = x = go f(x). Setting
y = f(z) it follows that g(y) = g(y) and, since f is surjective this holds for all y € Y. Hence, g =g. O

If the maps f and g are both bijective, then it is easy to see that the composite map f o g is also
bijective and, hence, has an inverse. This inverse of the composite map can be computed from the formula

(f-9)t=g7-f". (3-2)

Note the change of order on the RHS of this equation. This relation follows from (f o g)~!o (fog) = id
and (g7' o f~1) o (f o g) = id which implies that both (f o g)~! and (¢! o f~!) provide an inverse for
f o g. Uniqueness of the inverse function then leads to Eq. (3.2). Further we have

(fFHt=r (3.3)

from the uniqueness of the inverse and the fact that both f and (f~!)~! provide an inverse for f~!.

Example 3.3: Inverse function

(a) In Example 3.1 (a), we have seen that the function f : R — R defined by f(z) = ax, where a € R is
bijective for a # 0. Hence, there is an inverse function, which is explicitly given by f~!(x) = z/a.

(b) In Example 3.1 (a), we have considered the function g(x) = sin(x) which was neither surjective nor
injective as a function g : R — R. However, with domain and co-domain restricted as g : [-7/2,7/2] —
[—1,1] it it bijective and the inverse function is g~!(z) = arcsin(z).

3.1.2 Linear maps: Definition and basic properties

We are now ready to discuss linear maps which are maps between two vector spaces - rather than general
sets as above - which, in addition, are consistent with the two vector space operations, that is, vector
addition and scalar multiplication. More precisely what we mean is:

Definition 3.5. A map f:V — W between two vector spaces V and W over a field F is called linear if

(L1) f(vi+v2) = f(v1)+ f(v2)

(L2) flav) = af(v)

for all v,vi,ve € V and for all & € F. Further, the set Ker(f) ={v € V| f(v) =0} C V is called the
kernel of f.

A few remarks are in order. First, note that the two conditions for linearity are the obvious ones for
consistency with the vector space structure. Condition (L1) says that vector addition can be “pulled
through” linear maps and condition (L2) is a similar statement for scalar multiplication, that is, scalars
can be “pulled out” of linear maps. In short, linear maps are the maps between vector spaces which
are consistent with vector addition and scalar multiplication. As for any map, we can define the image
Im(f) ={f(v)|v € V} € W of the linear map f : V — W, which is a subset of the co-domain vector
space W. Since vector spaces have a special element - the zero vector 0 - we can define a further set
associated to a linear map, namely the kernel, Ker(f). It is the subset of the domain vector space V' which
consists of all vectors v € V mapped to the zero vector, so f(v) = 0.

Following the standard mathematical approach we have defined linear maps by their properties rather
than by “what they are”. As we proceed we will gain some insight into the structure of linear maps and
also discuss many examples. We begin by summarizing a number of simple but important properties of
linear maps which follow from the above definition.
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Lemma 3.1. (Properties of linear maps) A linear map f : V — W between two vector spaces V. and W
over F' has the following properties:

(i) The zero vectors are mapped into each other, so f(0) = 0. Hence 0 € Kerf.
(ii) The kernel of f is a sub vector space of V.

(i1i) The image of f is a sub vector space of W.

(v) f surjective < Im(f) =W < dimIm(f) = dim W

(v) f injective < Ker(f) = {0} < dimKer(f) =0

(vi) The scalar multiple af , where a € F, is linear.

(vii) For another linear map g : V. — W, the sum f + g is linear.

(vii) For another linear map g : W — U, the composition g o f is linear.

Proof. (i) f(0) = £(00) "2 0f(0) = 0.

(ii) We need to check the two conditions in Def. 1.2. If vi, vy € Ker(f) then, by definition of the kernel,
f(v1) = f(v2) = 0. It follows that f(vi + vi) = f(v1) + f(v2) = 0 so that vi + vo € Ker(f). Similarly,
if v € Ker(f), so that f(v) = 0 if follows that f(av) = af(v) = 0, hence, av € Ker(f).

(iii) This is very similar to the proof in (ii) and we leave it as an exercise.

(iv) The first part, f surjective < Im(f) = W, is clear by the definition of surjective and the image.
Clearly, if Im(f) = W, then both spaces have the same dimension. Conversely, from Lemma 1.2, two
vector spaces with the same dimension and one contained in the other (here Im(f) C W) must be identical.
(v) Suppose f is injective and consider a vector v € Kerf. Then f(v) = f(0) = 0, which implies that v =0
and, hence, Ker(f) = {0}. Conversely, assume that Ker(f) = {0}. Then, from linearity, f(vi) = f(v2)
implies that f(vi —va) = 0 so that vi — vy € Ker(f) = {0}. Hence, vi — vo = 0 and f is injective.

(vi) Simply check the linearity conditions for af, for example (a.f)(v1 + va2) = af(vi + v2) = a(f(v1) +
f(v2)) = af(vi) + af (v2) = (af)(v1) + (af)(v2).

(vii) Check the linearity conditions for f + g, similar to what has been done in (vi).

(viii) Simply check the linearity conditions for go f, given that they are satisfied for f and g. gof(v+w) =
g(f(v+w)) =g(f(v) + f(w)) =g(f(v)) + g(f(W)) = go f(v) +go f(w)and go f(av) = g(f(av))
glaf(v)) = ag(f(v)) = ago f(v).

The above Lemma contains a number of extremely useful statements. First of all, both the image and
the kernel of a linear map are sub vector spaces - as one would hope for maps designed to be consistent
with the vector space structure. This means we can assign dimensions to both of them. In fact, the
dimension of the image is of particular importance and is given a special name.

Ol

Definition 3.6. The dimension of the image of a linear map f is called the rank of f, in symbols
rk(f) := dimIm(f).

It might be difficult to check if a map is surjective or injective, using the original definitions of these prop-
erties. For linear maps, Lemma (3.1) gives simple criteria for both properties in terms of the dimensions
of image and kernel.

We have seen earlier that spaces of functions, if appropriately restricted, form vector spaces. The
same is in fact true for linear maps, a fact which will become important later when we discuss dual vector
spaces and which we formulate in the following

Lemma 3.2. The set of all linear maps f : V. — W forms a vector space, also denoted Hom(V, W),
( “homomorphisms from V to W7”). Vector addition and scalar multiplication are defined by (f + g)(v) =

fv) +9(v) and (af)(v) = af(v).
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Proof. From Lemma 3.1, (vi), (vii) the scalar multiple of a linear map and the sum of two linear maps is
again a linear map. From Def. 1.2 this shows that the set of linear maps does indeed form a (sub) vector
space. [

To get a better intuitive feel for the action of linear maps we recall our interpretation of sub vector spaces
as lines, planes and their higher-dimensional analogues through 0. We should think of both the kernel
and the image of a linear map in this way, the former residing in the domain vector space, the latter in
the co-domain.

To be concrete, let us consider a linear map f : R® — R? and let us assume that dim Ker(f) = 2, that
is, the kernel of f is a plane through the origin in R3. This situation is schematically shown in Fig. 18.
Recall that all vectors in the kernel of f, that is all vectors in the corresponding plane (the blue plane in
Fig. 18) are mapped to the zero vector. What is more, consider two vectors vi, vy € Ker(f) 4+ k which
both lie in a plane parallel to Ker(f), shifted by a vector k (the pink plane in Fig. 18). Then we have
vi — vy € Ker(f) so that f(vi — v2) = 0 and, hence, by linearity f(vi) = f(v2). Therefore, not only do
all vectors in the kernel get mapped to the zero vector, but all vectors in a plane parallel to the kernel get
mapped to the same (although non-zero) vector. Effectively, the action of the linear map “removes” the
two dimensions parallel to the kernel plane and only keeps the remaining dimension perpendicular to it.
Hence, the image of this linear map is one-dimensional, that is a line through the origin, as indicated in
Fig. 18. This structure is indeed general as expressed by the following theorem.

f: R3 —» R?

V=R3 > W = R?

y } yA
_ Im(f)
WET T Tt Ker(f)+z

y .. TW=05| Sren=r@
X 0 X
Ker(f)

z

Figure 18: Geometric representation of a linear map f : R — R2. If dim(V) = 3 and dim Ker(f) = 2 it
follows that dimIm(f) = 1.

Theorem 3.2. For a linear map f:V — W we have

dim Ker(f) + rk(f) = dim(V) (3.4)

Proof. For simplicity of notation, set k& = dim Ker(f) and n = dim(V'). Let vy, -, vi be a basis of Ker(f)
which we complete to a basis vi,..., Vg, Vii1,..., vy of V. We will show that f(vky1),..., f(va) forms
a basis of Im(f). To do this we need to check the two conditions in Definition 1.4.

(B1) First we need to show that Im(f) is spanned by f(vki1),...,f(vn). We begin with an arbitrary
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vector w € Im(f). This vector must be the image of a v € V, so that w = f(v). We can expand v as a
linear combination
n
vV = Z [67AZ
i=1

of the basis in V. Acting on this equation with f and using linearity we find
w=f(v)=f <Z Oéz'Vz') =Y aif(vi)= D> aif(vi),
i=1 i=1 i=k+1

Hence, we have written w as a linear combination of the vectors f(viki1), ..., f(vn) which, therefore, span
the image of f.

(B2) For the second step, we have to show that the vectors f(vky1),...,f(vn) are linearly independent.
As usual, we start with the equation

Z Oéif(Vl') =0 = f ( Z OéiVZ'> =0.
i=k+1 i=k+1

The second of these equations means that the vector > , 41 @iv; is in the kernel of f and, given that

v1,...,V) form a basis of the kernel, there are coefficients a4, ..., aj such that
n k n
Z aivi:—Zaivi = Zaivi:O.

i=k+1 i=1 i=1
Since vi,...,v, form a basis of V it follows that all o; = 0 and, hence, f(vki1),...,f(vn) are linearly
independent.
Altogether, it follows that f(viy1), -, f(van) form a basis of Im(f). Hence, by counting the number of
basis elements dimIm(f) =n — k = dim(V') — dim Ker(f). O

The dimensional formula (3.4) is a profound statement about linear maps and it will be immensely
helpful to understand the solution structure of systems of linear equations. For now we draw a few easy
conclusions:

Claim 3.1. For a linear map f :V — W we have:
(i) f bijective (has an inverse) implies that dim(V') = dim(W).
(i1) For dim(V') = dim(W') = n the following conditions are equivalent:
f is bijective (has an inverse) <= dimKer(f) =0 < rk(f)=n
(ii3) If f is invertible then the inverse f=': W — V is also a linear map.

Proof. (i) If f is bijective, it is injective and surjective, so from Lemma 3.1 (v),(vi) dim Ker(f) = 0 and
dimIm(f) = dim(W). Then, from Eq. (3.4), dim(V') = dim Ker(f) +dim Im(f) = 0+dim(W) = dim(W).

(ii) This is an easy consequence of Theorem 3.2 and Lemma 3.1 (v), (vi) and we leave the proof as an
exercise.

(iii) We set wy = f(v1),

S wr+wo) = fH (Vi) + f(v2) = FH(f(vi+v2)) =vi+va = [ (wi) + 7 (wa)
fHaw) = fHaf(v) = fH (flav) =av =af ' (w)

9 = f(v2) and w = f(v) and check the linearity conditions in Def. 3.5 for f~!.
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Part (i) of the above claim says we can have invertible linear maps only between vector spaces of the
same dimension. If the dimensions are indeed the same, part (ii) tells us the map is invertible precisely if
its rank is maximal, that is, if the rank is equal to the dimension of the space.

Example 3.4: Examples of linear maps

(a) Linear maps f : F™ — F™ from matrices
Consider an n-dimensional column vector v € F™ with components v; and an m X n matrix

ail e A1n
A= : (3.5)

am1 - Qmn

with entries a;; € F'. We denote the column vector which consists of the entries in the it™? row of A by a;.
To map n-dimensional into m-dimensional column vectors, we need to provide m functions each of which
can, in general, depend on all n coordinates v;. To obtain a linear map it seems intuitive that we should
choose these functions linear in the coordinates v; and the most general such possibility can be written
down using the coefficients of the above matrix A. It is given by

aijvr + -+ apn a; v
f(v) = : = : =: Av . (3.6)

Am1V1 + -+ GmnUn am VvV

By the last equality, we have defined the multiplication Av of an m X n matrix A with an n-dimensional
vector v. By definition, this multiplication is carried out by forming the dot product between the vector
and the rows of the matrix, as indicated above 2. Evidently, this only makes sense if “sizes fit”, that is,
if the number of components of the vector equals the number of columns of the matrix. The outcome
is a column vector whose dimension equals the number of rows of the matrix. Using index notation,
multiplication of vectors by matrices and the above linear map can more concisely be written as

(f(V))Z = Z aijvj = al-jvj s (37)
j=1

where a sum over j is implied by the Einstein summation convention in the last expression. Using this
notation it is quite straightforward to check that f satisfies the conditions for a linear map in Definition 3.5.

fvA+w)i = aij(vj +wj) = aijoj + aijwj = f(v)i + f(w); (3.8)

)
flav); = aij(av;) = alaijv;) = af(v); 3.9

We conclude that Eq. (3.6) indeed defines a linear map and that, via the multiplication of matrices with
vectors, we can define such a map for each matrix A. In short, multiplication of n-dimensional column
vectors by a m X n matrix A corresponds to a linear map f : F" — F™. Conversely, we can ask if every
linear map between column vectors can be obtained from a matrix in this way. We will return to this
question shortly and see that the answer is “yes”.

Since this is the first time we encounter the multiplication of matrices and vectors an explicit numerical

2Strictly, we have called this expression dot product only for the real case, F = R. For the present purpose we mean by
dot product any expression a-v = >, a;v;, where a;,v; € F' and F' is an arbitrary field.
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example might be helpful. Consider, the 4 x 3 matrix and the three-dimensional vector

1 0 —1 1
a=| 2L 30 o 2. (3.10)
-2 1 1 3
0 0 4
Their product is obtained by dotting v into the rows of A, so
1 0 -1 1 -2
2 1 3 9
Av = 91 1 —3 =l .1 [=W (3.11)
0 0 4 12

resulting in the four-dimensional vector w. Stated another way, we can view this matrix as a linear map
R3 — R* and we have just explicitly computed the image w of the vector v under this linear map.

(b) Coordinate maps

We have seen earlier that a vector can be uniquely described by its coordinates relative to a basis, see
Claim 1.2. We can now use the notion of linear maps to make this more precise. Consider an n-dimensional
vector space V over F with basis vyi,...,v,. By a, 8 € F" we denote n-dimensional column vectors with
components «; and f;, respectively, and we define the coordinate map ¢ : F™ — V by

pla)=> v, (3.12)
=1

This map assigns to a coordinate vector the corresponding vector, relative to the given basis. It is easy
to verify that it is linear.

pla+B) =) (ai+B)vi=Y aivi+ Y Bivi=p(a)+o(B) (3.13)
i=1 i=1 i=1
plaar) = Z(aai)vi = az a;v; = ap(a) . (3.14)
i=1 i=1
Since vq,...,v, forms a basis it is clear that Im(¢) = V and, hence, from Claim 3.1 (ii), ¢ is bijective

and has an inverse p~! : V — F". Clearly, the inverse map assigns to a vector v = Yo v €V oits
coordinate vector «, so explicitly

el (v)=¢! (Zl ozm-) =« (3.15)

A linear and bijective map between two vector spaces is also referred to as a (vector space) isomorphism
and two vector spaces related by such a map are called isomorphic. What the above discussion shows is
that every n-dimensional vector space V over F' is isomorphic to F™ by means of a coordinate map ¢.
However, it should be noted that this isomorphism is not unique as it depends on the choice of basis.

For an explicit example of a coordinate map consider Example 1.7, where we have considered R? with
basis

0 0 1
V] = 1 s Vo = 1 5 V3 = 1 . (316)
1 2 -1



The coordinate map for this basis is given by

Qs
pla) =a1vi+agva +agvs = | a1 +az+a3 : (3.17)
a1 + 200 — a3

(c) Linear differential operators
A linear differential operator of order n has the form

L= Zpk dgck

where py(z) are fixed real-valued functions of x € R. If we denote by V' the vector space of infinitely many
times differentiable functions g : R — R then we can view this differential operator asa map L:V — V.
Since single differentiation and multiplication with fixed functions are each linear operations and L is a
composition of such operations it is clear that L is a linear map. We can also verify this explicitly:

L(g1 + 92) Zpk —— (g1 + 92) Zpk d — +Z = L(g1) + L(g2) (3.18)

Zpk d —(ag) aZpk dxk 7~ aLlg). (3.19)

The solutions to the homogeneous differential equation
L(g)=0 (3.20)

are given by the kernel, Ker(L). For any linear map the kernel is a (sub) vector space and, for the present
example, this means that any linear combination of solutions of the differential equation is also a solution.
As an explicit example consider the second order linear differential operator
d? d
L=—+4—-5. 3.21

dx? * dx (3.21)
The associated homogeneous differential equation L(g) = 0 has the two solutions, gi(z) = exp(x) and
g2(x) = exp(—>bz), but, from linearity, any linear combination g(x) = agi(x) + Bg2(x) = aexp(z) +
B exp(—bx) is also a solution.

3.2 Matrices and their properties

In the previous section we have introduced linear maps and we have seen that a prominent class of exam-
ples for such maps can be obtained from matrices. It is now time to be more serious about matrices and
develop their theory more systematically, both to obtain practical computational tools for matrices and
to gain more insight into the nature of linear maps. We begin low-key by reviewing some of the matrix
properties encountered so far and by adding a few further basic definitions.
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3.2.1 Basic matrix properties

We consider matrices of arbitrary size n x m (that is, with n rows and m columns) given by

ail o Qim
an1 - dnpm
Here a;; € F, withi=1,...,nand j =1,...,m, are the (real or complex) entries. The matrix A is called

quadratic if n = m, that is if it has as many rows as columns. It is often useful to be able to refer to the
entries of a matrix by the same symbol and, by slight abuse of notation, we will therefore also denote the
entries by A;; = a;;. We already know that the matrices of a given size form a vector space with vector
addition and scalar multiplication defined component by component, that is, (A + B);; = A;; + B;; and
(aA)i; = aAyj. We will frequently need to refer to the row and column vectors of a matrix for which we
introduce the following notation:

Aj Alj
A; = : ., A= : : (3.23)
Aim Anj

Hence, A; is an m-dimensional column vector which contains the entries in the i*" row of A and AJ is
an n-dimensional column vector which contains the entries in the j* column of A. We also recall that A
defines a linear map A : F™ — F" via multiplication of matrices and vectors which can be written as

A1 "% m
A:vim Av = : or (Av); = Z A . (3.24)

A, v J=1
A very specific matrix is the unit matriz 1,, : F™ — F" given by

1 0
1, = (3.25)
0 1

Its row and columns vectors are given by the standard unit vectors, so A; = e; and AJ = e;, and its
components (1,);; = 0;; equal the Kronecker delta symbol introduced earlier. For its action on a vector
we have

(]lV)i = (5ij’l)j = U; (326)

S0, seen as a linear map, the unit matrix corresponds to the identity map.
More generally, a diagonal matriz is a matrix D with non-zero entries only along the diagonal, so
D;j =0 for all ¢ # j. It can be written as

dy 0
D= =: diag(di, ..., dn) (3.27)
0 dp,
The complex conjugate A* : F™ — F™ of a matrix A : F™ — F" is simply the matrix whose entries are

the complex conjugates of the entries in A, so in component form, (A*);; = (A;;)*. Of course, for matrices
with only real entries complex conjugation is a trivial operation which leaves the matrix unchanged.
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The transpose of an n x m matrix A : F™ — F™ is a m x n matrix AT : F* — F™ obtained by exchanging
the rows and columns of A. In component form, this means (AT);; := Aj;. A quadratic matrix A is said
to be symmetric if A = AT or, in index notation, if all entries satisfy A;; = Aj;. It is called anti-symmetric
if A=—AT or, Aj; = —Aj; for all entries. Note that all diagonal entries A;; of an anti-symmetric matrix
vanish. We have

(A+B)T =AT + BT | (aAd)T =aAT (3.28)

for n xm matrices A, B and scalars «. In particular, the sum of two symmetric matrices is again symmetric
as is the scalar multiple of a symmetric matrix (and similarly for anti-symmetric matrices). This means
that symmetric and anti-symmetric n x n matrices each form a sub vector space within the vector space
of all n X n matrices.

Example 3.5: Transpose of a matrix, symmetry and anti-symmetry

(a) An explicit example for a matrix and its transpose is

1 3
A= 2 -1 |, ATz(é _f 2) (3.29)
0 4

Note that, for non-quadratic matrices, the transpose changes the “shape” of the matrix. While A above
is a 3 x 2 matrix defining a linear map A : R? — R3, its transpose is a 2 x 3 matrix which defines a linear
map AT : R3 — R2.

(b) The general form of 2 x 2 symmetric and anti-symmetric matrices is

b 0 b
Asymm = < CZ d ) ) Aanti—symm = ( b 0 ) (330)

with arbitrary numbers a,b,d € F. The dimension of the vector space of symmetric 2 x 2 matrices over
F' is three (as they depend on three independent numbers) while the dimension of the vector space of
anti-symmetric 2 X 2 matrices over F' is one (as they depend on one parameter). In particular, note that
the diagonal of an anti-symmetric matrix vanishes. It is easy to write down a basis for these vector spaces
and also to generalize these statements to matrices of arbitrary size.

Finally, a combination of the previous two operations is the hermitian conjugate of an n x m matrix
A : F™ — F™ which is defined as a m x n matrix AT : F — F™ obtained by taking the complex
conjugate of the transpose of A, that is, AT := (AT)*. For matrices with only real entries, hermitian
conjugation is of course the same as transposition. A quadratic matrix A is said to be hermitian if the
matrix is invariant under hermitian conjugation, that is, if A = At, and anti-hermitian if A = —Af. In
analogy with the properties of transposition we have

(A+ B =AT+ BT, (ad) =a*Al. (3.31)

The first property means that the sum of two hermition (anti-hermitian) matrices is again hermitian (anti-
hermitian). More care is required for scalar multiples. The scalar multiple of a hermitian (anti-hermitian)
matrix with a real scalar remains hermitian (anti-hermitian). However, for a complex scalar this is no
longer generally the case due to the complex conjugation of the scalar in the second equation (3.31). This
means the n x n hermitian (anti-hermitian) matrices form a sub vector space of the vector space of all
n X n matrices with complex entries, but only if the underlying field is taken to be the real numbers.
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Example 3.6: Hermitian conjugate

(a) An explicit example for a 3 x 3 matrix with complex entries and its hermitian conjugate is

i 12— - 2 1+
A= 2 3 -3 |, A= 1 3 4 : (3.32)
1—i 4 2+ 240 3 2—i

Note that, in addition to the transposition carried out by exchanging rows and columns, all entries are
complex conjugated.

(b) The hermitian conjugate of an arbitrary 2 x 2 matrix with complex entries is

a b a* c*
_ T
A—<cd)’ A—<b* d*> (3.33)

For A to be hermitian we need that a = a*, d = d*, so that the diagonal is real, and ¢ = b*. Hence, the
most general hermitian 2 x 2 matrix has the form

b
Aherm=<2‘* d>, a,deR, beC. (3.34)
These matrices form a four-dimensional vectors space (over R) since they depend on four real parameters.
For an anti-hermitian matrix, the corresponding conditions are a = —a*, d = —d*, so that the diagonal
must be purely imaginary, and ¢ = —b*. The most general such matrices are
a b .
Aanti—herm = g ) @ deiR, beC. (3.35)

and they form a four-dimensional vector space over R.

3.2.2 Rank of a matrix

Previously, we have defined the rank of a linear map as the dimension of its image. Since every matrix
defines a linear map we can, therefore, talk about the rank of a matrix. Can we be more specific about
what the rank of a matrix is and how it can be determined?

Consider an n x m matrix A : '™ — F" with columns A',---,A™, and a vector v € F™ with
components v;. The image of v under the action of A can then be written as

m
Av =) vAl, (3.36)
i=1
and is hence given by a linear combination of the column vectors A7 with the coefficients equal to the
components of v. This observation tells us that
Im(A) = Span(Al,---  A™) | (3.37)
so the image of the matrix is spanned by its column vectors. For the rank of the matrix this implies that

rk(A) = dim Span(A',--- , A™) = maximal number of lin. indep. column vectors of A . (3.38)

For obvious reasons this is also sometimes called the column rank of the matrix A. This terminology
suggests we can also define the row rank of the matrix A as the maximal number of linearly independent
row vectors of A. Having two types of ranks available for a matrix seems awkward but fortunately we
have the following
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Theorem 3.3. Row and column rank are equal for any matriz.

Proof. Suppose one row, say Aj, of a matrix A can be written as a linear combination of the others.
Then, by dropping A; from A we arrive at a matrix with one less row, but its row rank unchanged from
that of A. The key observation is that the column rank also remains unchanged under this operation.
This can be seen as follows. Write

n a2
Al = Z ajA-j , o =
Jj=2 Qg
with some coefficients «o, ..., a, which we have arranged into the vector a. Further, let us write the

column vectors of A as
i_ [ @i
a=(h)

that is, we split off the entries in the first row, denoted by a;, from the entries in the remaining n — 1 rows
which are contained in the vectors b;. It follows that a; = Ay; = (Aq); = Z?:2 ajAj = Z;‘L:Q a;(AY); =
a - b;, so that the column vectors can also be written as

i_ [ oDy
V()

Hence, the entries in the first row are not relevant for the linear independence of the column vectors A’ -
merely using the vectors b; will lead to the same conclusions for linear independence. As a result we can
drop a linearly dependent row without changing the row and the column rank of the matrix. Clearly, an
argument similar to the above can be made if we drop a linearly dependent column vectors - again both
the row and column rank remain unchanged.

In this way, we can continue dropping linearly dependent row and column vectors from A until we
arrive at a (generally smaller) matrix A" which has linearly independent row and column vectors and the
same row and column ranks as A. On purely dimensional grounds, a matrix with all row vectors and all
column vectors linearly independent must be quadratic (For example, consider a 3 x 2 matrix. Its three
2-dimensional row vectors cannot be linearly independent.). Therefore, row and column rank are the same
for A’ and, hence, for A. O

The above interpretation of the rank of a matrix as the maximal number of linearly independent row
or column vectors gives us a practical way to determine the rank of the matrix, using the methods to
check linear independence we have introduced in Section 1. Efficient, algorithmic methods for this will be
introduced in the next sub-section but for smaller matrices the rank can often be found “by inspection”,
as in the following example.

Example 3.7: Rank of a matrix by inspection, kernel and image of a matrix
2 -1
A= ( 1 0 > (3.39)
defines a map A : R? — R?. Clearly, A has rank two since its two columns are linearly independent.

This means that the image of A is two-dimensional and, hence, Im(4) = R?. From the dimensional
formula (3.4) it also follows that dim Ker(A) = 0, so that the kernel is trivial, Ker(A4) = {0}.

(a) The 2 x 2 matrix
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(b) Consider the 3 x 3 matrix

-1 4 3
A= 2 -3 -1 |. (3.40)
3 2 5

which defines a map A : R?> — R3. It is clear that the first two columns of this matrix are linearly
independent (they are not multiples of each other) and that the third column is the sum of the first two.
Hence, the rank of this matrix is two. This means that the dimension of its image is two while, from
Eq. (3.4), the dimension of its kernel is one. To find the kernel of A explicitly we have to solve Av = 0.
With v = (z,y,2)T this leads to

—rx+4y+32=0, 2x—3y—2=0, 3x+2y+52=0, (3.41)

and these equations are solved precisely if x = y = —z. The image of A is, in general, spanned by the
column vectors, but since A3 = A! + A? it is already spanned by the first two columns. In conclusion,
we have

1 —1 4
Ker(A) = Span 1 , Im(A) = Span 2 1,1 -3 . (3.42)
—1 3 2

3.2.3 Linear maps between column vectors

Now we return to the question posed in the previous section. We saw how an n x m matrix A corresponds
to a linear map f : F" — F™. Is it the case that every linear map f : F™ — F"™ can be obtained from a
matrix in this way?

To answer this question, we begin with an arbitrary linear map f : F"™ — F", the standard unit
vectors e; of F and the standard unit vectors €; of F™. Let us consider the images, f(e;), of these
standard unit vectors under our linear map. While we do not know what these images are explicitly it is
clear that they can be expanded in terms of the basis €;, that is, we can write

flej) =) aiéi, (3.43)
=1

for some suitable set of coefficients a;;. Now consider an arbitrary vector v € F" written as a linear
combination v = Z;n:l v;je;j. For the image under f of this vector we find

f(V) = f Z v;€; = Z vjf(ej) = Z Uj Z aijéi = Z Z Ai;V4 él (344)
j=1 =1

j=1 j=1 i=1 \j=1

Hence, for the i** component of this image we have
m

[f(V)]; =D aijo; = (Av); (3.45)
j=1

where A is the matrix with entries a;;, these being the coeflicients which appear in the parametrization
of the images (3.43). We have therefore succeeded in expressing the action of our arbitrary linear map f
in terms of a matrix and we conclude that all linear maps between column vectors are given by matrices.
We summarize this in the following
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Lemma 3.3. Every linear map f : F™ — F™ can be written in terms of an n X m matrixz A, such that
f(v) = Av for allv € F™. If f(e;) = > 1", a;ij€; for the standard unit vectors e; of F™ and &; of F™,
then a;; are the entries of A.

Example 3.8: Matrix describing a linear map R3 — R3

Consider a fixed vector n € R? and a map f : R* — R3 defined by f(v) = nxv. From the properties (2.31)-
(2.33) of the vector product, it is easy to show that this map is linear:

f(vi+ve) = nx(vi+vy)=nxvy+nxvy=f(vy)+ f(va) (3.46)
flav) = nx(av)=anxv=af(v) (3.47)

Hence, we know from Lemma 3.3 that f can be described by a 3 x 3 matrix A which can be worked out
by studying the action of f on the standard unit vectors e;. Writing n = (n1,n2,n3)7 we find by explicit
computation

f(e1) = nXxe; =nges —noes
f(e2) = nxey=-nze; +niey (3.48)
f(e3) = nxe3=nmnze; —niey.

Lemma 3.3 states that the coefficients in front of the standard unit vectors on the right-hand sides of
these equations are the entries of the desired matrix A. More precisely, the coefficients which appear in
the expression for f(e;) form the 4% column of the matrix A. Hence, the desired matrix is

0 —n3 N9
A = n3 0 —nN9 5 (349)
—nNn9 ni 0

and we have f(v) = n x v = Av for all vectors v € R3. The interesting conclusion is that vector products
with a fixed vector n can also be represented by multiplication with the anti-symmetric matrix (3.49).
Everything is much more elegant in index notation where

Aij = [f(e]]l = [Il X ej]i = eikmk[ej]l = eiklnk(Sjl = Q'kjnk y (3.50)

so that A;; = €;;ng, in agreement with Eq. (3.49).

3.2.4 Matrix multiplication

We have seen earlier that the composition of linear maps is again linear and we have just shown that all
linear maps between column vectors are matrices. Hence, the composition of two matrices must again be
a matrix. To work this out more explicitly, we start with an n x m matrix A and an r X n matrix B which

generate linear maps according to the chain F™ A By B We would like to determine the matrix
C which describes the composite map Bo A : F'™™ — F". By a straightforward computation we find

m

(B(AV)); = " Bij(Av); = Y (Y BijAj | o = Y Civr = (Cv);i (3.51)
j=1 k=1

k=1 \j=1

Cik
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so that the entries C; of C are given by

Cir = > _ BijAj, =Bi- A (3.52)
j=1

This equation represents the component version of what we refer to as matriz multiplication. We obtain
the entries of the new matrix C - which corresponds to the composition of B and A - by performing the
summating over the entries of B and A as indicated in the middle of (3.52) or, equivalently, by dotting
the columns of A into the rows of B, as indicated on the RHS of (3.52). In matrix notation this can also
be written as
B;-Al ... By -A™
C = BA := : : : (3.53)
B, -A™ ... B,.-A™

Note that the product of the r x n matrix B with the n x m matrix A results in the r x m matrix C = BA.
The important conclusion is that composition of matrices - in their role as linear maps - is accomplished
by matrix multiplication.

We should discuss some properties of matrix multiplication. First note that the matrix product BA
only makes sense if “sizes fit”, that is, if A has as many rows as B columns - otherwise the dot products
in (3.53) do not make sense. This consistency condition is of course a direct consequence of the role of
matrices as linear maps. The maps B and A can only be composed to BA if the co-domain of A has the
same dimension as the domain of B. Let us illustrate this with the following

Example 3.9: Matrix multiplication

Consider the two matrices

0 11
B:(;g:;), A=(2 01 (3.54)
1 -1 1

of sizes 2 x 3 and 3 x 3, respectively. Dotting the column vectors of A into the rows of B we can compute
their product
0 11
1 0 -1 -1 2 0
BA_(23—2> ?_?i _< 443)’ (3.55)

a 2 x 3 matrix. Note, however, that the product AB is ill-defined since B has two rows but A has 3
columns.

Matrix multiplication is associative, so
A(BC) = (AB)C'. (3.56)

This is a direct consequence of the associativity of map composition (see the discussion around Eq. (3.1))
but can also be verified directly from the definition of matrix multiplication. This is most easily done in
index notation (using Eq. (3.52)) which gives

(A(BC))” = Alk(BC)kj = AikBlelj = (AB)HCU = ((AB)C)ZJ . (3.57)
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However, matrix multiplication is not commutative, that is, typically, AB # BA. The “degree of non-
commutativity” of two matrices is often measured by the commutator defined as

[A,B] := AB — BA (3.58)

Evidently, the matrices A, B commute if and only if [4, B] = 0.

Example 3.10: Non-commutativity of matrix multiplication

1 2 3 -1
(1) (2 ) a0
By straightforward computation we have
3 -1 1 2 2 6

1 2 3 -1 3
(o) (s 2)=(3
(b) Note that matrices with a specific structure may still commute. For example, it is easy to check that

so that indeed AB # BA.
the matrices
a b c d
a(r ) (0 ) o

for arbitrary real numbers a, b, ¢, d satisfy [A, B] = 0.

(a) Consider the two matrices

_ o

What is the relation between multiplication and transposition of matrices? The answer is
(AB)" = BT AT . (3.62)
Note the change of order on the RHS! A proof of this relation is most easily accomplished in index notation:
((AB)T),; = (AB)ji = AjpByi = BriAji = (BT )in(A )iy = (BTAT)y; . (3.63)

For the complex conjugation of a matrix product we have of course (AB)* = A*B*, so together with
Eq. (3.62) this means for the hermitian conjugate that

(AB)T = BTAT (3.64)

Finally, using matrix terminology, we can think of vectors in a slightly different way. A column vector v
with components v1, ..., v, can also be seen as an m x 1 matrix and the action Av of an n X m matrix A
on v as a matrix multiplication. The transpose, vI' = (v1,...,v) is an m dimensional row vector and,
hence, the dot product of two m-dimensional (column) vectors v and w can also be written as

v-w=vlw, (3.65)

that is, as a matrix product between the 1 x m matrix v! and the m x 1 matrix w.
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3.2.5 The inverse of a matrix

Recall from Claim 3.1, that a linear map f : V' — W can only have an inverse if dim(V) = dim(W).
Hence, for a matrix A : F"™ — F™ to have an inverse it must be quadratic, so that n = m. Focusing
on quadratic n x n matrices A we further know from Claim 3.1 that we have an inverse precisely when
rk(A) = n, that is, when the rank of A is maximal. In this case, the inverse of A, denoted A~!, is the
unique linear map (and, therefore, also a matrix) satisfying

AA T =A"1A=1,. (3.66)

Note that this is just the general Definition (3.4) of an inverse map applied to a matrix, using the fact
that matrices correspond to linear maps and map composition corresponds to matrix multiplication. We
summarize the properties of the matrix inverse in the following

Lemma 3.4. (Properties of matriz inverse) A quadratic n x n matrizc A : F™ — F™ is invertible if and
only if its rank is maximal, that is, iff rk(A) =n. If A, B are two invertible n x n matrices we have

(a) The inverse matriz, denoted A™', is the unique matriz satisfying AA™' = A1 A = 1,,.
(b) (AB)~! = B~1tA-!

(c) A=Y is invertible and ((A)~!) "t = A

(d) AT is invertible and (AT)™! = (A—H)T

Proof. (a) This has already been shown above.

(b) (c) These are direct consequences of the corresponding properties (3.2), (3.3) for general maps.

(d) Recall from Claim 3.1 that a matrix is invertible iff its rank is maximal. Since, from Theorem 3.3,
rk(A) = 1k(AT), we conclude that AT is indeed invertible which proves the first part of the claim. For the
second part, we transpose A71A = AA™! = 1, using Eq. (3.62), to arrive at AT(A™1)T = (A=1HTAT = 1.
On the other hand, from the definition of the inverse for AT, we have AT(AT)~! = (AT)=1AT = 1.
Comparing the two equations shows that both (A~1)7 and (A”7)~! provide an inverse for A” and, hence,
from the uniqueness of the inverse, they must be equal. O

Application: Matrices in graph theory

Graphs are objects consisting of a certain number of vertices, Vi, ..., V, and links connecting these vertices.
A simple example with five vertices is shown in Fig. 19. Here we focus on undirected graphs as in Fig. 19

Figure 19: A simple (undirected) graph with five vertices.
for which the links have no direction, but our considerations can easily be generalized to directed graphs.
Graphs can be related to linear algebra via the adjacency matriz which is defined by

| 1 if V; and V; are linked
Mi; = { 0 otherwise (3.67)
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For example, for the graph in Fig. 19 the adjacency matrix is given by

01010
10110

M=|01001 (3.68)
11001
00110

This matrix is symmetric due to the underlying graph being undirected. The following fact (which we
will not try to prove here) makes the adjacency matrix a useful object.

Fact: The number of possible walks from vertex V; to vertex V; over precisely n links in a graph is given
by (M™);;, where M is the adjacency matrix of the graph.

To illustrate this compute the low powers of the adjacency matrix M in Eq. (3.68).

21111 2 4 2 4 2
1 301 2 4 25 6 1

M= 10220]|, M*=|2501 4 (3.69)
11230 461 25
1 200 2 2 1450

For example, the number of possible walks from V; to V3 over three links is given by (M?3);3 = 2.
By inspecting Fig. 19 it can be seen that these two walks correspond to Vi — V; — V5 — V3 and
ViaVi—Vo— Vs

Application: Matrices in cryptography

Matrices can be used for encryption. Here is a basic example for how this works. Suppose we would like to
encrypt the text: ”linear algebra . First, we translate this text into numerical form using the simple
code ,— 0,a — 1,b — 2,--- and then we split the resulting sequence of numbers into blocks of the same
size. Here we use blocks of size three for definiteness. Next, we arrange these numbers into a matrix, with
each block forming a column of the matrix. For our sample text this results in

12 5 0 7 18 l e, gr
T = 9 1 1 5 1 for i a a e a .
14 18 12 2 O nr lb

So far, this is relatively easy to decode, even if we had decided to permute the assignment of letters to
numbers. As long as same letters are represented by same numbers, the code can be deciphered by a
frequency analysis, at least for a sufficiently long text. To do this, the relative frequency of each number
is determined and compared with the typical frequency with which letters appear in the English language.
Matching similar frequencies leads to the key.

For a more sophisticated encryption, define a quadratic “encoding” matrix whose size equals the length
of the blocks, so a 3 x 3 matrix for our case. Basically, the only other restriction on this matrix is that it
should be invertible. For our example, let us choose

-1 -1 1
A= 2 0 -1
-2 1 1
To encode the text, carry out the matrix multiplication
-1 -1 1 12 5 0 7 18 -7 12 11 -10 -19
Tene = AT = 2 0 -1 9 1 15 1 |= 10 -8 —12 12 36
-2 1 1 14 18 12 2 0 -1 9 13 -7 =35
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Note that in T, same letters are now represented by different numbers. For example, the letter
“" “which_ppears three times, and corresponds to the three 1’s in T, is represented by three differ-
ent numbers in Ten.. Without knowledge of the encoding matrix A it is quite difficult to decypher Tepc,
particularly for large block sizes. The legitimate receiver of the text should be provided with the inverse
A~ of the encoding matrix, for our example given by

A=

N O =
W = N
N~

and can then recover the message by the simply matrix multiplication

T=A1T,..

3.3 Row/column operations, Gaussian elimination

We should now develop more systematic, algorithmic methods to compute properties of matrices. At the
heart of these methods are elementary row operations which are defined as follows.

Definition 3.7. The following manipulations of a matriz are called elementary row operations.

(R1) Ezxchange two rows.
(R2) Add a multiple of one row to another.
(R3) Multiply a row with a non-zero scalar.

Analogous definitions hold for elementary column operations.

For definiteness, we will focus on elementary row operations but most of our statements have analogues for
elementary column operations. As we will see, elementary row operations will allow us to devise methods
to compute the rank and the inverse of matrices and, later on, to formulate a general algorithm to solve
linear systems of equations.

A basic but important observation about elementary row operations (which is indeed the main motivation
for defining them) is that they do not change the span of the row vectors. Recall that the rank of a matrix
is given by the maximal number of linearly independent row (or column) vectors. Hence, the rank of a
matrix is also unchanged under elementary row operations. This suggests a possible strategy to compute
the rank of a matrix: By a succession of elementary row operations, we should bring the matrix into a
(simpler) form where the rank can easily be read off. Suppose a matrix has the form

Lo *
a2y '
A= .
arj, -
0 .
where the entries a;j, are non-zero for all i = 1,...,r, all other entries above the solid line are arbitrary

(indicated by the %) and all entries below the solid line are zero. This form of a matrix is called (upper)
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echelon form. Clearly, the first r row vectors in this matrix are linearly independent and, hence, the rank
of a matrix in upper echelon form can be easily read off and is given by

rk(A) = r = (number of steps in upper echelon form) . (3.70)

The important fact is that every matrix can be brought into upper echelon form by a sequence of elementary
row operations. This works as follows.

Algorithm to bring matrix into upper echelon form

We consider an n X m matrix. The algorithm proceeds row by row. Let us assume that we have already
dealt with the first i — 1 rows of the matrix. Then, for the i*" row we should carry out three steps.

(1) Find the leftmost column j which has at least one non-zero entry in rows i,...,n.

(2) If the (4,j) entry is zero exchange row ¢ with one of the rows i + 1,...,n (the one which contains
the non-zero entry identified in step 1) so that the new (i, j) entry is non-zero.

(3) Subtract suitable multiples of row i from all rows i+ 1, ..., n such that all entries (i+1, j),...,(n,7)
in column j and below row i vanish.

Continue with the next row until no more non-zero entries can be found in step 1.

This procedure of bringing a matrix into its upper echelon form using elementary row operations is
called Gaussian elimination (sometimes also referred to as row reduction). In summary, our procedure to
compute the rank of a matrix involves, first, to bring the matrix into upper echelon form using Gaussian
elimination and then to read off the rank from the number of steps in the upper echelon form. This is
probably best explained with an example.

Example 3.11: Gaussian elimination and rank of a matrix

Consider the 3 x 3 matrix

Then, Gaussian elimination amounts to
01 —1 Ry R 21 0\ por-nr 21 0 Rs—Rs—Ra/2 2 1 O
23 22— 123 2]|]——|02 2]——]0]2
21 0 0 1 -1 01 —1 00 0

We have indicated the row operation from one step to the next above the arrow, referring to the it" row
by R;. The final matrix is in upper echelon form. There are two steps so that rk(A) = 2.

A neat and very useful fact about elementary row operations is that they can be generated by multiplying
with certain, specific matrices from the left. In other words, to perform a row operation on a matrix A, we
can find a suitable matrix P such that the row operation is generated by A — PA. For example, consider

a simple 2 x 2 case where
a b 1 A
A_<Cd>, p_<01). (3.71)
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Then
(1 A a b\ [a+A b+
pas (DAY (0 B)< (et vy om

Evidently, multiplication with the matrix P from the left has generated the elementary row operation
Ri1 — Ry + AR2 on the arbitrary 2 x 2 matrix A. This works in general and the appropriate matrices,
generating the three types of elementary row operations in Def. 3.7, are given by

1
1
1
0 1 i row 1
) _ ) {1 - _ th
Ri<R; — . PRi—>>\Ri = A 7 TOW
1 0 70 row 1
1
i*™" col 1
1
1
1 .- A it" row
(I1) _ . :
P SRR, = . : . (3.73)
1
5 col 1

This means we can bring a matrix A into upper echelon form by matrix multiplications P; - - - Py A where
the matrices P, ..., P, are suitably chosen from the above list. Note that all the above matrices are
invertible. This is clear, since we can always “undo” an elementary row operations by the inverse row
operation or, alternatively, it can be seen directly from the above matrices. The matrices PUD and
PUID) are already in upper echelon form and clearly have maximal rank. The matrices PU) can easily be
brought into upper echelon form by exchanging row ¢ and j. Then they turn into the unit matrix which
has maximal rank.

Application: Back to Magic Squares

We now return to our discussion of magic squares. We saw previously that all 3 x 3 magic squares form
a vector space, and we have shown that the three specific magic squares M, Ma, M3 in Eq. (1.56) are
linearly independent. It remains to be shown that these matrices form a basis of the magic square vector
space as asserted earlier. To do this it suffices to show that the dimension of the magic square vector
space is three.

We begin with an arbitrary 3 x 3 matrix

S:

Q@ Q.
>0 o
S 0

Recall that, for S to be a magic square, its rows, columns and both diagonals have to sum up to the same
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total. These conditions can be cast into the seven linear equations

d+e+f=a+b+c —a—b—c+d+e+g=0
g+h+i=a+b+c —a—b—c+g+h+i=0
a+d+g=a+b+c —b—c+d+g=0
b+e+h=a+b+c or —a—c+e+h=0
c+f+i=a+b+ec —a—-b+f+i=0
at+et+i=a+b+c —b—c+e+i=0
c+et+g=a+b+c —a—b+e+g=0

In matrix form, this system of equations can be written as follows.

a
-1 -1 -1 111000 b 0
-1 -1 -1 00 0111 c 0
0 -1 -1 100100 d 0
-1 0 -1 010010 e | =101,
-1 -1 0001001 f 0
0 -1 -1 01 0001 g 0
-1 -1 0010100 h 0
N——
b

or, in short, Ax = 0. The magic squares are precisely the solutions to this equation which shows that
the magic square vector space is the kernel, Ker(A), of the matrix A. By Gaussian elimination and with
a bit of calculation, the matrix A can be brought into upper echelon form and the rank can be read off
as 1k(A) = 6. Then, the dimension formula (3.4) leads to dim Ker(A4) = 9 — rk(A) = 3 and, hence, the
dimension of the magic square vector space is indeed three. In summary, the three matrices M1, Ms, M3
in Eq. (1.56) form a basis of the magic square vector space and every magic square is given as a (unique)
linear combination of these three matrices.

Application: Coding theory

Coding theory deals with the problem of errors in information such as they may arise when information
is transmitted in the presence of noise. Whenever information may be faulty, methods are required for
both error detection and error correction. A simple but potentially inefficient method is to transmit
the information repeatedly. Here, we would like to discuss a more sophisticated method, referred to as
Hamming code, which is based on some of the linear algebra methods we have explored.

Information is conveniently described in binary form, that is, as a sequence of bits, 51, ..., 8, € {0,1}.
Mathematically, a bit can be seen as an element of the finite field Fo = {0, 1} which we have introduced
in Example 1.3 and information encoded by n bits can be seen as an element of the n-dimensional vectors
space V = [y over the field [F>. In other words, we can think of the above bit sequence as a column vector
(Br,...,B)  €F 5. Through this simple re-interpretation all the tools of linear algebra are now available
to deal with information.

To be specific we focus on the case of four bits, 3 = (81, ..., 1), but the method can be generalized
to arbitrary dimensions. We begin by writing down the matrix

00011111
H=H ... H)=[0110011], (3.74)
1010101



whose columns consist of all non-zero vectors of Z3. Clearly, tk(H) = 3 (since H', H?, H* are linearly in-
dependent) and, therefore, its kernel has dimension dim Ker(H) = 7—3 = 4. It is easy to see that this four-
dimensional kernel has a basis K; = (1,0,0,0,0,1,1)7, K, = (0,1,0,0,1,0,1)T, K3 = (0,0,1,0,1,1,0)7,
K4 = (0,0,0,1,1,1,1)7 which we can arrange into the rows of a 4 x 7 matrix

(3.75)

O R OO
—_ o o o
_ == O

11
01
10
11

o O O
o O = O

The key idea is now to encode the information stored in fSi,...,84 by forming the linear combination
of these numbers with the basis vectors of Ker(H) which we have just determined. In other words, we
encode the information in the seven-dimensional vector

4
v=> BK;=p"K. (3.76)
=1

Note that, given the structure of the matrix K, the first four bits in v coincide with the actual information
Bi, ..., Bs. By construction, the vector v is an element of Ker(H).

Now suppose that the transmission of v has resulted in a vector w which can have an error in at most
one bit. How do we detect whether such an error has occurred? We note that the seven-dimensional
standard unit vectors ey, ..., e; are not in the kernel of H. Further, if v is in the kernel then none of the
vectors w = v + €; is. This means the transmitted information w is free of (one-bit) errors if and only if
w € Ker(H), a condition which can be easily tested.

Assuming w ¢ Ker(H) so that the information is faulty, how can the error be corrected? Assume that
bit number i has changed in w so that the correct original vector is v = w — e;. Since v € Ker(H) it
follows that Hw = He; = H', so that the product Hw coincides with one of the columns H* of H. This
means, if Hw equals column 4 of H then we should flip bit number ¢ in w to correct for the error.

Let us carry all this out for an explicit example. Suppose that the transmitted message is w =
(1,1,0,0,0,1, 1)T and that it contains at most one error. Then we work out

0
Hw=| 1 | =H?. (3.77)
0

First, w is not in the kernel of H so an error has indeed occurred. Secondly, the vector Hw corresponds
to the second column vector of H so we should flip the second bit to correct for the error. This means,
v = (1,0,0,0,0,1,1)” and the original information (which is contained in the first four entries of v) is
B8 = (1,0,0,0)T.

By paying the price of enhancing the transmitted information from four bits (in 3) to seven bits (in v)
both a detection and correction of one-bit errors can be carried out with this method. Compare this with
the naive method of simply transmitting the information in B twice which corresponds to an enhancement
from four to eight bits. In this case, one-bit errors can of course be detected. However, without further
information they cannot be corrected since it is impossible to decide which of the two transmissions is the
correct one.

Our next task is to devise an algorithm to compute the inverse of a matrix, using elementary row opera-
tions. The basic observation is that every quadratic, invertible n x n matrix A can be converted into the

66



unit matrix 1,, by a sequence of row operations. Schematically, this works as follows:

/ /
ayq * a11 0
echelon form (1/22 (R1), (R2) CL/22 (R3)
A . — | — =1,

0 an., 0 an,
In the first step, we bring A into upper echelon form, by the algorithm already discussed. At this point
we can read off the rank of the matrix. If rk(A) < n the inverse does not exist and we can stop. On the
other hand, if rk(A) = n then all diagonal entries a}; in the upper echelon form must be non-zero (or else
we would not have n steps). This means, in a second step, we can make all entries above the diagonal
zero. We start with the last column and subtract suitable multiples of the last row from the others until
all entries in the last column except a),,, are zero. We proceed in a similar way, column by column from
the right to the left, using row operations of type (R1) and (R2). In this way we arrive at a diagonal
matrix, with diagonal entries a}, # 0 which, in the final step, can be converted into the unit matrix by
row operations of type (R3).

This means we can find a set of matrices P, ..., Py of the type (3.73), generating the appropriate elemen-
tary row operations, such that
l,=P---P,A = A'=p..-Bl,. (3.78)
N——
A-1
These equations imply an explicit algorithm to compute the inverse of a square matrix. We convert A
into the unit matrix 1,, using elementary row operations as described above, and then simply carry out

the same operations on 1,, in parallel. When we are done the unit matrix will have been converted into
A~ Again, we illustrate this procedure by means of an example.

Example 3.12: Computing the inverse of a matrix with row operations

1 0 =2 1 0 0
A= 0o 3 -2 Is=| 0 1 0
1 -4 0 0 0 1
1 0 =2 100
Rs > R3— Ry : 0 3 -2 01 0
0 —4 2 -1 0 1
4 1 0 -2 1 0 0
Ry — R3+ =Ry : 03 -2 |+ rk(A)=3 0 1 0
3 0 0 _§ -1 % 1
1 0 -2 1 0 0
Ry — Ry — 3R3 : 0 3 0 3 _3 _3
0 0 -2 - 1
1 0 0 4 —4 -3
Ri — R; — 3R3 : 0 3 0 3 -3 -3
00 -2 I |
10 O 4 —4 -3
Ry — @ : 0 1 0 1 -1 -1
3 0 0 -2 -1 4 1
1 0 0 4 —4 =3
Rs - —=Rj3: 01 0 | =13 1 -1 -1 | =471
0 0 1 % -2 ,%
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As a final check we show that

1 0 -2 4 —4 -3 1 00
AA = 0 3 —2 1 -1 -1 |=l010]|=13 v
1 -4 0 3 -2 -3 001

and thus confirm that we have correctly computed the inverse of A.

3.4 Relation between linear maps and matrices

We have now fully understood linear maps between column vector spaces - they are described by matrices.
The action of such linear maps is given by multiplication of a matrix with column vectors, composition of
maps is via matrix multiplication and the inverse map corresponds to the inverse matrix. Further we have
introduced the computational tools to work with matrices. However, we still do not have a clear picture
of linear maps between arbitrary vector space and this is what we will analyze now.

Start with a linear map f : V — W between two vector spaces V and W over F with dimensions n

and m, respectively. We introduce a basis vi,...,v, of V and a basis wy,...,w,, of W. Then, all
vectors in v € V and w € W can be written as linear combinations v = Z?:l «o;v; with coordinate
vectors @ = (aq,...,a,)" and w = Z;nzl B;w; with coordinate vectors B = (B1,.. ., m)T, respectively.

Following Example (3.4) (b), we can introduce coordinate maps ¢ : F™* — V and ¢ : F™ — W relative to
each basis which act as

pla) =Y aivi,  W(B) =) Biw, . (3.79)
i=1 j=1

The images f(v;) of the V' basis vectors can always be written as a linear combination of the basis vectors
for W so we have

Fvi) =" aijw; (3.80)
i=1
for some coefficients a;; € F. The situation so far can be summarized by the following diagram
v o Low
T T (3.81)
A=?

Essentially, we are describing vectors by their coordinate vectors (relative to the chosen basis) and we
would like to find a matrix A which acts on these coordinate vectors “in the same way” as the original
linear map f on the associated vectors. In this way, we can describe the action of the linear map by a
matrix. How do we find this matrix A? Abstractly, it is given by

A:@Z)_lofogp, (3.82)

as can be seen by going from F™ to F™ in the diagram (3.81) using the “upper path”, that is, via V' and
W. From Lemma 3.3 we know that we can work out the components of a matrix by letting it act on the
standard unit vectors.

382) _ 379) _ 380) 1 [~ linearity | _ 379) o
Ae; "2 o fopey) P2V gt o flvy) PRV g (Zaz‘jwi> 2N gy (wi) oD > aiéi
=1 =1 =1
(3.83)
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Comparing with Lemma 3.3 it follows that a;; are the entries of the desired matrix A. Also, Eq. (3.82)
implies that Im(A4) = ¥~ 1(Im(f)). If we denote by y := @b*lhm(f) the restriction of =1 to Im(f) we
have dim Ker(y) = 0 since ¥~! is an isomorphism and hence dim Ker(x)~') = 0. We conclude, using
Theorem 3.2, that

rk(A) = dimIm(A) = rk(x) = dim Im(f) — dim Ker(y) = rk(f) , (3.84)

which means that the linear map f and the matrix A representing f have the same rank, that is, rk(A) =

k(f).

While this discussion might have been somewhat abstract it has a simple and practically useful conclusion.
To find the matrix A which represents a linear map relative to a basis, compute the images f(v;) of the
(domain) basis vectors and write them as a linear combinations of the (co-domain) basis vectors w;, as
in Eq. (3.80). The coefficients in these linear combinations form the matrix A. More precisely, by careful
inspection of the indices in Eq. (3.80), it follows that the coefficients which appear in the image of the j**
basis vector form the j* column of the matrix A. We summarize these conclusions in

Lemma 3.5. Let f: V — W be a linear map, v1,...,vy a basis of V and w1, ..., Wy, a basis of W. The
entries a;; of the m x n matriz A which describes this linear map relative to this choice of basis can be
read off from the images of the basis vectors as

flvj) = Zaijwi : (3.85)
i=1

We have tk(A) = rk(f) and, in particular, A is invertible if and only if f is.

The relation between linear maps and matrices is a key fact of linear algebra which we would like to
illustrate with two examples.

Example 3.13: Relation between linear maps and matrices

(a) Consider the linear map B : R? — R? defined by the matrix

B—(é _g) . (3.86)

For simplicity, we choose the same basis for the domain and the co-domain, namely vi = wy = (1,2)7
and vy = wy = (—1,1)T. Then, the images of the basis vectors under B, written as linear combinations
of the same basis, are

1 -1
Bvy = < _4 ) = —1vy — 2vo, Bvy = < 5 > = —1vy +0vy . (3.87)
Arranging the coefficients from Bv; into the first column of a matrix and the coefficients from Bvy into

the second column we find
, (-1 -1
B = ( 9 0 ) .8q (3.88)

This is the matrix representing the linear map B relative to the basis {vq,va}. It might be useful to be
explicit about what exactly this means. Write an arbitrary 2-dimensional vector as

/ /
x R o r =y
(y)—xv1+yV2—<2x,+y,) (3.89)
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so that a vector (z,y)? is described, relative to the basis {vi,va}, by the coordinate vector (z/,y’)T.
Consider the example (z,y) = (1,8) with associated coordinate vector (z',y’) = (3,2). Then

" (3) = ()
7 (2) = (=)

The vectors connected by arrows relate exactly as in Eq. (3.89), that is the vectors in the lower equation
are the coordinate vectors of their counterparts in the upper equation. Eqs. (3.90) are basically a specific
instance of the general diagram (3.81). This illustrates exactly how the representing matrix acts “in the

same way” as the linear map: If the linear map relates two vectors then the representing matrix relates
their two associated coordinate vectors.

(3.90)

(b) It might be useful to discuss a linear map which, originally, is not defined by a matrix. To this end, we
consider the vector space V = {as2? + a1z + agla; € R} of all quadratic polynomials with real coefficients
and the linear map f = % : V. — V, that is, the linear map obtained by taking the first derivative.
As before we choose the same basis for domain and co-domain, namely the standard basis 1,z,z? of
monomials. We would like to find the matrix A representing the first derivative, relative to this basis.
As before, we work out the images of the basis vectors and write them as linear combinations of the

same basis:

d
—1=0-14+0-2+0- 2>

dx
d 2
—rx=1-140-2+0 -2
dx
2 014224022
dx

Arranging the coefficients in each row into the columns of a matrix we arrive at

A=

o o O

10
02 . (3.91)
0 0

This matrix generates the first derivative of quadratic polynomials relative to the standard monomial basis.
As before, let us be very explicit about what this means. Consider the polynomial p(z) = 522 + 3z + 7
with coordinate vector (7,3,5)7 and its first derivative p'(x) = 10x + 3 with coordinate vector (3,10,0)7.
Then we have

7 3
Al 3= 10|, (3.92)
5 0

that is, A indeed maps the coordinate vector for p into the coordinate vector for p'.

The correspondence between operators acting on functions and matrices acting on vectors illustrated by
this example is at the heart of quantum mechanics. Historically, Schrodinger’s formulation of quantum
mechanics is in terms of (wave) functions and operators, while Heisenberg’s formulation is in terms of
matrices. The relation between those two formulations is precisely as in the above example.
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3.5 Change of basis

We have seen that a linear map can be described, relative to a basis in the domain and co-domain, by a
matrix. It is clear from the previous discussion that, for a fixed linear map, this matrix depends on the
specific choice of basis. In other words, if we choose another basis the matrix describing the same linear
map will change. We would now like to work out how precisely the representing matrix transforms under
a change of basis.

To simplify the situation, we consider a linear map f: V — V from a vector space to itself and choose
the same basis on domain and co-domain. (The general situation of a linear map between two different
vector spaces is a straightforward generalization.) The two sets of basis vectors, coordinate maps and
representing matrices are then denoted by

basis of V' coordinate map coordinate vector representing matrix
n

V1, ey Vi ola) = > a;v; a=(ag,...,a,)T A=y ltofoyp 3.03
=1 (3.93)

n
Vi, vl o) = alv] o = (ay,...,al)T A =g lofoy
i=1

We would like to find the relationship between A and A’, that is, between the representing matrices for
f relative to the unprimed and the primed basis. From Eq. (3.82) we know that the two matrices can be
written as A = ¢ 1o fopand A = ¢ 1o foy, so that

A=¢ptofoy =¢lopoptofopoptoy
=g lopoplofopop oy =PAPT. (3.94)
=P =A :Pfl

Note that all we have done is to insert two identity maps, ¢ o ¢!, in the second step and then combined

maps differently in the third step. What is the interpretation of P = ¢/~! o0 »? For a given vector v € V
and its coordinate vectors a = ¢~ 1(v) and o’ = ¢'~!(v) relative to the unprimed and primed basis we
have o = ¢’ 1 (v) = ¢’ ! o p(a) = Par, so in summary

o = Pa . (3.95)

Hence, P converts unprimed coordinate vectors a into the corresponding primed coordinate vector o’
and, as a linear map between column vector, it is a matrix. In short, P describes the change of basis
under consideration. The corresponding transformation of the representing matrix under this basis change
is then

A =PpPAPL. (3.96)

This is one of the key equations of linear algebra. For example, we can ask if we can choose a basis
for which the representing matrix is particularly simple. Eq. (3.96) is the starting point for answering
this question to which we will return later. Note that Eq. (3.96) makes intuitive sense. Acting with
the equation on a primed coordinate vector o, the first we obtain on the RHS is P~'a/. This is the
corresponding unprimed coordinate vector on which the matrix A can sensibly act, thereby converting it
into another unprimed coordinate vector. The final action of P converts this back into a primed coordinate
vector. Altogether, this is the action of the matrix A’ on o’ as required by the equation.

Another way to think about the matrix P is by relating the primed and the unprimed basis vectors.
In general, from Lemma 3.3, we can write Pe; = >, P;;e;. Multiplying this equation with ¢’ from the
L= ¢ (e;) we find

left and using v; = p(e;), v;
vi=>» Pyvi < vi=> (P Hyvi. (3.97)
i

i
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Hence, the entries of the matrix P can be calculated by expanding the unprimed basis vectors in terms of
the primed basis.

Example 3.14: Basis transformation of a matrix

Relative to the unprimed basis vi = e1, vo = e9 of standard unit vectors, a linear map is described by
the matrix
1 0
A= .

We would like to determine the matrix A" which describes the same linear map relative to the basis

=5(1) sl

One way to proceed is as before, by applying Lemma 3.5, and compute the images of the basis vectors in
order to read off A’. This leads to

AV =0V + 1v) Avh = 1v] + 0V},

and arranging the coefficients on the right-hand sides into the column of a matrix gives

A’:(‘l) é) . (3.98)

Alternatively, we should be able to determine A’ from Eq. (3.96). To work out the relation between the
primed and un-primed coordinate vectors o’ = (o}, a4)T and a = (a1, az)” we write

/ /
aq U ores ’o 1 o] +a
a1V] + vy = = 1Vy + QA9Vy = —= ,1 /2 .

Comparing this with the general relation (3.95) between the coordinate vectors we can read off the
coordinate transformation P~! as

PeB() - (i)

Applying the basis transformation (3.96) with this matrix P we find

;L q_L/1 =1 1 0 11\ /(01
A_PAP_zll 0 —1 -1 1) \10)”

in accordance with the earlier result (3.98).
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4 Systems of linear equations

We will now apply our general results and methods to the problem of solving linear equations. This will
lead to an understanding of the structure of the solutions and to explicit solution methods.

4.1 General structure of solutions

Consider a linear map f : V — W. We are looking for all solutions x € V' of the equation

f(x)=b (4.1)
where b € W is a fixed vector. For b # 0 this is called an inhomogenous linear equation and
f(x) =0 (4.2)

is the associated homogenous equation. Its general solution is Ker(f). The solutions of the inhomogeneous
and associated homogeneous equations are related in an interesting way.

Lemma 4.1. If xg € V solves the inhomogenous equation, that is f(xg) = b, then the affine space
xo + Ker(f)

is the general solution of the inhomogenous equation.

Proof. If x is a solution to f(x) = b then f(x —x¢) = f(x) — f(x0) =b —b =0, so x — x¢ € Kerf.
Conversely, if x € xg + Ker(f), then we can write x = xg + v for some vector v € Ker(f). Then,
f(x)=f(xo+v)=f(x0) + f(v)=b+0=h. O

In short, the Lemma says that the general solution of the inhomogeneous equation is obtained by the
sum of a special solution to the inhomogeneous equation and all solutions to the homogeneous equation.
Recall that Ker(f) is a sub vector space, so a line, a plane, etc. through 0 with dimension dim(Ker(f)) =
dim (V') —rf(f) (see Eq. (3.4)). This shows that the geometry of the solution is schematically as indicated
in Fig. 20. Lemma (4.1) is helpful in order to find the general solution to inhomogenous, linear differential
equations as in the following

Example 4.1: Solution to inhomogenous linear differential equation.

The previous Lemma has a prominent application to inhomogeneous, linear (second order) differential
equations, that is differential equations for y = y(x) of the form

p@) 5+ @)+ @)y = @)

where p, g, r and s are fixed functions. The relevant vector space is the space of (infinitely many times)
differentiable functions, the linear map f corresponds to the linear differential operator p(x)% +q(az)% +
r(z) and the inhomogeneity b given by s(z). From Lemma 4.1, the general solution to this equation can be
obtained by finding a special solution, ¥, and then adding to it all solutions of the associated homogeneous
equation

d?y dy
P(JU)@ + Q(ﬂﬁ)@ +r(z)y=0.
To be specific consider the differential equation
d%y
YT



xo+Ker(f)=solytion to
inhomogeneojis system

\ 4

Ker(f)=solution to
homogeneous system

Figure 20: Solutions to homogeneous and inhomogenous linear equations.

An obvious special solution is the function yo(x) = z. The general solution of the associated homogeneous
equation
d*y
dx?
is asin(x) + bcos(x) for arbitrary real constants a, b. Hence, the general solution to the inhomogenous
equation is

+y=0

y(x) =z + asin(x) + beos(z) .

Our main interest is of course in systems of linear equations, that is, the case where the linear map

is an m x n matrix A : F" — F™ with entries a;;. For x = (z1,... ,xn)T € F™ and a fixed vector
b= (b1,...,bn)T € F™ the system of linear equations can be written as
apzr + -+ arT, = b
Ax =Db or : : : : (4.3)
am1r1 + 0+ GpnTn = b

This is a system of m equations in n variables with associated homogeneous system

ajlxy + -+ anTy, = 0
Ax =0 or " : : : (4.4)
am1ry + o+ amnTn = 0
The solution space of the homogenous system is Ker(A), a (sub) vector space whose dimensions is given

by the dimension formula dim Ker(A) = n —rk(A) (see Eq. (3.4)). If the inhomogenous system has a
solution, xg, then its general solution is x¢ + Ker(A) and such a “special” solution x¢ exists if and only if
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b € Im(A). If rk(A) = m then Im(A) = F™ and a solution exists for any choice of b. On the other hand,
if rk(A) < m, there is no solution for “generic” choices of b. For example, if m = 3 and rk(A) = 2 then
the image of A is a plane in a three-dimensional space and we need to choose b to lie in this plane for a
solution to exist. Clearly this corresponds to a very special choice of b and generic vectors b will not lie
in this plane. To summarize the general structure of the solution to Ax = b, where A is an m X n matrix,
we should, therefore distinguish two cases.

(1) rk(A) =m
In this case there exists a solution, xg, for any choice of b and the general solution is given by

xo + Ker(A) (4.5)

The number of free parameters in this solution equals dim Ker(A) = n —rk(4) =n —m.

(2) tk(A) <m
(a) If b € Im(A) we have a solution with dim Ker(A) = n —rk(A) free parameters.
(b) If b ¢ Im(A) there is no solution.

For a quadratic n x n matrix A we can be slightly more specific and the above cases are as follows.

(1) tk(A) =n
A solution exists for any choice of b and there are no free parameters since dim Ker(A) =n—n = 0.
Hence, the solution is unique. Indeed, in this case, the matrix A is invertible (see Lemma 3.4) and
the unique solution is given by x = A~ 'b.

(2) tk(A4) <n
(a) If b € Im(A) we have a solution with n — rk(A) free parameters.
(b) If b ¢ Im(A) there is no solution.

The main message of this discussion is that, given the size of the matrix A and its rank, we are able to draw
a number of conclusions about the qualitative structure of the solution, without any explicit calculation.
We will see below how this can be applied to explicit examples.

We can also think about the solutions to a system of linear equations in a geometrical way. With the row
vectors A; of the matrix A, the linear system (4.3) can be re-written as m equations for (hyper) planes
(that is n — 1-dimensional planes) in n dimensions:

Ai-X:bi, izl,...,m. (46)

Geometrically, we should then think of the solutions to the linear system as the common intersection
of these m (hyper) planes. For example, if we consider a 3 x 3 matrix we should consider the common
intersection of three planes in three dimensions. Clearly, depending on the case, these planes can intersect
in a point, a line, a plane or not intersect at all. In other words, we may have no solution or the solution
may have 0, 1 or 2 free parameters. This corresponds precisely to the cases discussed above.

4.2 Solution by ”explicit calculation”

We begin our discussion of solution methods and examples with the most basic approach: Explicit cal-
culation by which we mean the addition of suitable multiples of the various equations so solve for the
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variables. To be specific, we consider the following system with three variables x = (z,,2)” and three
equations

Ey: 20 +3y —z2=—-1
Es: —r—2y+2z2=3 (4.7)
FEs: ar+y—2z2=0.

To make matters more interesting, we have introduced two parameters a,b € R. We would like to find the
solution to this system for arbitrary real values of these parameters. We can also write the above system
in matrix form, Ax = b, with

2 3 -1 —1
A= -1 -2 1 b= 3 . (4.8)
a 1 -2 b

Before we embark on the explicit calculation, let us apply the results of our previous general discussion
and predict the qualitative structure of the solution. The crucial piece of information required for this
discussion is the rank of the matrix A. Of course, this can be determined from the general methods based
on row reduction which we have introduced in Section 3.3. But, as explained before, for small matrices
the rank can often be inferred “by inspection”. For the matrix A in (4.8) it is clear that the second and
third column vectors, A% and A3, are linearly independent. Hence, its ranks is at least two. The first
column vector, A!, depends on the parameter a so we have to be more careful. For generic a values A'
does not lie in the plane spanned by A2, A3 so the generic rank of A is three. In this case, from our
general results, there is a unique solution to the linear system for any value of the other parameter b. For
a specific a value A! will be in the plane spanned by A%, A3 and the rank is reduced to two. Then, the
image of A is two-dimensional, that is a plane. For generic values of b the vector b will not lie in this
plane so there is no solution. However, for a specific b value, when b does lie in this plane, there is a
solution with dim Ker(A) = 3 — rk(A) = 1 parameter, that is, a solution line. So, in summary we expect
the following qualitative structure for the solution to the system (4.7).

1) For generic values of a the rank of A is three and there is a unique solution for all values of b.
2a) For a specific value of a (when rk(A) = 2) and for a specific value of b there is a line of solutions.
2b) For the above specific value of a and generic b there is no solution.

Let us now confirm this expectation by an explicit calculation. We begin by adding appropriate multiples
of Egs. (4.7), namely

Ei+ Es: r+y=2 (4.9)
Es+2F;: (a—2)x—3y=>b+6. (4.10)
Eliminating y from these two equations then leads to
(a+ 1Dz =b+12. (4.11)
This equation allows us to explicitly identify the various cases we expect.

1) a # —1: We can divide Eq. (4.11) by (a + 1) to solve for  and then insert into Eq. (4.9) and the
first Eq. (4.7) to get y and z. So in this case we have a unique solution for any b given by

_b+12 _ 2a—b-10 _Ta—b—5

at+1 YT T 4t  a+1

(4.12)

)
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2a) a = —1 and b = —12: In this case, Eq. (4.11) becomes trivial and we are left with only two indepen-
dent equations. Solving Eq. (4.9) and the first Eq. (4.7) for z and z in terms of y we find

r=2—y 2=5+y. (4.13)

that is, a line of solutions parametrized by y.

2b) a = —1 and b # —12: In this case, Eq. (4.11) leads to a contradiction so there is no solution.

4.3 Solution by row reduction

While “explicit calculation” as in the previous sub-section is probably the fastest “by hand” method for
relatively small systems, larger linear systems require a more systematic method. For a specific case, a
linear system Ax = b with a quadratic and invertible matrix A, we already know how this works. The
unique solution in this case is x = A~'b and the inverse of A can be computed by the row reduction
method introduced in Section (3.3). We will now generalize this method so it can be applied to all linear
Systems.

So let us start with an arbitrary linear system with m equations for n variables, so a system of the form
Ax = b with an m x n matrix A, inhomogeneity b € F™ and variables x € F". We can multiply the linear
system with one of the m x m matrices P from Eq. (3.73), generating the elementary row operations, to
get the linear system PAx = Pb. This new system has the same solutions as the original one since P is
invertible. This means we do not change the solutions to the linear system if we carry out elementary row
operations simultaneously on the matrix A and the inhomogeneity b. This suggests we should encode the
linear system by the augmented matriz defined by

A = (Ab) (4.14)

an m x (n+ 1) matrix which consists of A plus one additional column formed by the vector b. We can now
reformulate our previous observation by stating that elementary row operations applied to the augmented
matrix do not change the solutions of the associated linear system. So our solution strategy will be to
simplify the augmented matrix by successive elementary row operations until the solution can be easily
“read off”. Before we formulate this explicitly, we note a useful criterion which helps us to decide whether
or not b € Im(A), that is, whether or not the linear system has solutions.

Lemma 4.2. b € Im(A) <= rk(A) = rk(A’)

Proof. “ = 7: If b € Im(A) it is a linear combination of the column vectors of A and adding it to the

matrix does not increase the rank.

“ <7 If rk(A) = rk(A") the rank does not increase when b is added to the matrix. Therefore, b €

Span(Al,...  A") = Im(A4). O
Let us now describe the general algorithm.

1. Apply row operations, as described in Section (3.3), to the augmented matrix A" until the matrix A
within A’ is in upper echelon form. Then, the resulting matrix has the form

’
. a1, * b1

a2jy

Al — : .
- Qo | B

/
0 r+1

/
bn

7



where a;;, # 0 for i = 1,...7 so that A has rank r. In this form is it easy to apply the criterion,
Lemma 4.2. If b, # 0 for any ¢ > r then rk(A’) > rk(A) and the linear system has no solutions. In
this case we can stop. On the other hand, if b} = 0 for all ¢ > r which we assume from hereon, then
rk(A’) = rk(A) and the system has a solution.

. As explained we assume that b, = 0 for all ¢ > r. For ease of notation we also permute the columns
of A (this corresponds to a permutation of the variables that we will have to keep track of) so that
the columns with the non-zero entries a;;, become the first r of the matrix. The result is

aij, b1
L @252 * * ;

/
A - 0 arj,. bl
0
0 :
0

. By further row operations we can convert the r» X r matrix in the upper left corner of the previous
matrix into a unit matrix 1,.. Schematically, the result is

, (1. |Bjc

where B is an r X (n — r) matrix and c is an r-dimensional column vector.

. Recall that r = rk(A) is the rank and n — r = dim Ker(A) is the number of free parameters of the
solution. For this reason it makes sense to split our variables as

x— < f ) (4.16)

into an r-dimensional vector € and an (n — r)-dimensional vector t. Note that this split is adapted
to the form of the matrix Af; so that the associated linear system takes the simple form

E+Bt=c. (4.17)

The point is that this system can be easily solved for & in terms of t. This leads to the general

x = < C_tBt > , (4.18)

which depends on n — r free parameters t, as expected.

solution

Let us see how this works for an explicit example.

Example 4.2: Solving linear systems with row reduction of the augmented matrix

Consider the following system of linear equations and its augmented matrix

r+y—2z =1 1 1 =211
2r—y+3z2 =0 Al = 2 -1 310 ) (4.19)
—x—4y+9z = b -1 -4 91|b

where b € R is an arbitrary real parameter. We proceed in the four steps outlined above.
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1. First we bring A within A" into upper echelon form which results in

1 1 2] 1
A—=|0 -3 7| =2
0 0 0[|b+3

For b # —3 we have rk(A’) = 3 > 2 = rk(A) so there are no solutions. So we assume from hereon
that b = —3.

2. Setting b = —3 we have

In this case, we do not have to permute columns since the (two) steps of the upper echelon form
already arise in the first two columns.

3. By further elementary row operations we convert the 2 x 2 matrix in the upper left corner into a
unit matrix.

1
;in_ 0
0

O = O
|

O W~

O woltowsl—

4. We have r = rk(A) = 2 and dimKer(A) = 3 —rk(A) = 1 so we expect a solution with one free
variable ¢ (a line). Accordingly, we split the variables as

x
x=1| vy |, (4.20)

where & = (z,y)7 in our general notation. Writing the linear system for Ag, in those variables

results in
1 1
—t = = 4.21
x + 3 3 ( )
7 2
—=t = = 4.22
y-3 3 (4.22)

This can be easily solved for x, y in terms of ¢ which was really the point of the exercise. The result

isx = % - %t and y = % + %t and, inserting into Eq. (4.20), this results in the vector form

1
3

| 1
1

O Wbl

for the line of solutions.

Application: Linear algebra and circuits

Electrical circuits with batteries and resistors, such as the circuit in Fig. 21, can be described using methods
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from linear algebra. To do this, first assume that the circuit contains n loops and assign (“mesh”) currents
I;, where i = 1,...,n, to each loop. Then, applying Ohm’s law and Kirchhoff’s voltage low (“The voltages
along a closed loop must sum to zero.”) to each loop leads to the linear system

Ryl +---+Ripl,, = W
: Do (4.23)

Rl + -+ Ryplp, = 'V, )
where R;; describe the various resistors and V; correspond to the voltages of the batteries. If we introduce

the n x n matrix R with entries R;;, the current vector I = ([, ... ,I,)T and the vector V = (Vi,..., V)T
for the battery voltages this system can, of course, also be written as

RI=V . (4.24)

This is an n X n linear system, where we think of the resistors and battery voltages as given, while the
currents Iq,..., I, are a priori unknown and can be determined by solving the system. Of course any of
the methods previously discussed can be used to solve this linear system and determine the currents I;.

For example, consider the circuit in Fig. 21. To its three loops we assign the currents Iy, I, I3 as indicated

R:
AN

Ro Rq

Rs
Rs
Rs

Figure 21: A simple three-loop circuit with a battery and resistors.

in the figure. Kirchhoff’s voltage law applied to the three loops then leads to

lel—l-RQ(Il—Ig)—l-Rg(Il —13) =V (R1+R2—|—R3)11 —Rolo—R3lI3 =V
RQ(IQ — Il) + Rals + R6(IQ — 13) = 0 <— —Roli + (RQ + Ry + Rﬁ)IQ —RgI3 = 0 (4.25)
Rg(lg—h)—i—Rﬁ(Ig—Ig)—l—Rg,Ig 0 —Rs3Ih —R6I2+(R3+R5+R6)13 = 0.

With the current and voltage vectors I = (I1, Is, I3)T and V = (V,0,0)7 the matrix R in Eq. (4.24) is
then given by

Ri{+ Ry + R3 —Rs —R3
R = —Ry Ro+ Ry + Rg —Rg . (4.26)
—R3 —Rg Rs + R5 + Rg

80



For example, for resistances (Ri,...,Rg) = (3,10,4,2,5,1) (in units of Ohm) we have the resistance

matrix
17 —-10 -4
R = —10 13 -1
-4 -1 10

For a battery voltage V' = 12 (in units of volt) we can write down the augmented matrix

17 —10 —4]12
R=|-10 13 -1/ 0|,
—4 -1 10| 0

and solve the linear system by row reduction. This leads to the solution

1 1548
744

for the currents (in units of Ampere).

(4.27)

(4.28)

(4.29)
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5 Determinants

Determinants are multi-linear objects and are a useful tool in linear algebra. In Section 2 we have
introduced the three-dimensional determinant as the triple product of three vectors. Here we will study
the generalization to arbitrary dimensions and verify that the three-dimensional case coincides with our
previous definition. As with the other general concepts, we first define the determinant by its properties
before we derive its explicit form and study a few applications. In our discussion in Section 2 we have
observed that the three-dimensional determinant is linear in each of its vector arguments (see Eq. (2.44)),
it changes sign when two vector arguments are swapped (see Eq. (2.46)) and the determinant of the three
standard units vector is one (see Eq. (2.48)). We will now use these properties to define the determinant
in arbitrary dimensions.

5.1 Definition of a determinant

Definition 5.1. A determinant maps n vectors ay,--- ,a, € F™ to a number, denoted det(ay,--- ,a,) €
F', such that the following properties are satisfied:

(D1) det(--- ,ca+ Bb,---) =adet(---,a,---)+ Bdet(--- ,b,---)

This means the determinant is linear in each argument.
(D2) det(---,a,- - ,b,---)=—det(---,b, -+ ,a-)

This means the determinant is completely anti-symmetric.
(D3) det(er,---,e,) =1

The determinant of the standard unit vectors is one.

The determinant of an n X n matriz A is defined as the determinant of its column vectors, so det(A) :=
det(Al,...,A").

An easy but important conclusion from these properties is that a determinant with two same arguments
must vanish. Indeed, from the anti-symmetry property (D2) it follows that det(---,a,--- a,--+) =
—det(---,a,---,a,---), which means that

det(...,aj...,a7...):0. (51)

We know that an object with these properties exists for n = 3 but not yet in other dimensions. To
address this problem we first need to understand a few basic facts about permutations. Here, we will
just present a brief account of the relevant facts. For the formal-minded, Appendix B contains a more
complete treatment which includes the relevant proofs.

Permutations

You probably have an intuitive understanding of a permutation as an operation which changes the order
of a certain set of n objects. Here, we take this set to be the numbers {1,...,n}. Mathematically, a
permutation is defined as a bijective map from this set to itself. So the set of all permutations of n objects
is given by

Spi={o:{1,--- ,n} = {1,--- ,n}|o is bijective} , (5.2)
and this set has n! elements. The basic idea is that, under a permutation o € S, a number i € {1,...,n}
is permuted to its image o(7). A useful notation for a permutation mapping 1 — o(1),...,n — o(n) is 3

3Note, despite the similar notation, this is not a matrix in the sense introduced earlier.
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For example, for n = 3, a permutation which swaps 2 and 3 is written as

Tl_@;;). (5.4)

Carrying out two permutations, one after the other, simply corresponds to composition of maps in this
formalism. For example, consider a second permutation

- (113) =

of three objects which swaps the numbers 1 and 2. Permuting first with 7o and then with 7 corresponds
to the permutation ¢ := 7 o 79 which is given by

12 3 12 3 12 3
0_71072_(132>°<213)_(312>’ (56)

a cyclic permutation of the three numbers. A further advantage of describing permutations as bijective
maps is that the inverse of a permutation o, that is, the permutation which “undoes” the effect of the
original permutation, is simple described by the inverse map o~ 1.

The specific permutations which only swap two numbers and leave all other numbers unchanged are
called transpositions. For example, the permutations (5.4) and (5.5) are transpositions. A basic and
important fact about permutations, proved in Appendix B, is that every permutation can be written as a
composition of transpositions, so any o € S,, can be written as ¢ = 7 0 --- o T, where 71,...,7, € 5, are
transpositions. Eq. (5.6) is an illustration of this general fact.

Writing permutations as a composition of transpositions is not unique, that is, two different such
compositions can lead to the same permutation. Not even the number of transpositions required to
generate a given permutation is fixed. For example, the permutation ¢ in Eq. (5.6) can also be written
as 0 = 71 0 Tp 0 T1 © 71, that is, as a composition of four transpositions. However, it can be shown
(see Appendix B) that the number of transpositions required is always either even or odd for a given
permutation. For a permutation ¢ = 71 o --- o 7}, written as a composition of k transpositions, it,
therefore, makes sense to define the sign of the permutation as

i +1 : “even” permutation
sgn(o) :== (—-1)" = i} . (5.7)
—1 : “odd” permutation
From this definition, transpositions 7 are odd permutations, so sgn(7) = —1. For the permutation o in

Eq. (5.6) we have sgn(o) = 1 since it can be built from two transpositions. It is, therefore, even as we
would expect from a cyclic permutation of three objects. In essence, the definition (5.7) provides the
correct mathematical way to distinguish even and odd permutations.

When two permutations, each written in terms of transpositions, are composed with each other the
number of transpositions simply adds up. From the definition (5.7) this means that

sgn(o1 0 09) = sgn(oq)sgn(os) . (5.8)
A direct consequence of this rule is that 1 = sgn(o o 0~1) = sgn(o)sgn(c~!) and, hence,
sgn(oc~!) = sgn(o) . (5.9)

In other words, a permutation and its inverse have the same sign.
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We are now ready to return to determinants and derive an explicit formula. We start with an n x n matrix
A with entries a;; whose column vectors we write as linear combinations of the standard unit vectors:

aiq
Al = = Zajiej . (510)
J

Anj

By using the properties of the determinant from Def. (5.1) we can then attempt to work out the determi-
nant of A. We find

det(A) = det(Al,---  A™) G219 get Z aj 1€, , Z aj,n€j, ) Z aj1---aj,ndet(e;, - ,ej,)

J1=1 Jn=1 Jissdn
(5.1),ja=0(a) (D2)
= Z Ao (1)1 " " Co(n)n det(ea(l)a T 7ea(n)) = Z Sgn(a)aa(l)l “Qo(n)n det(ela T 7en)
€Sy €Sy
(D3)
= Z Sgn(a)aa(l)l ©Qo(n)n
o€Sp

Hence, having just used the general properties of determinants and some facts about permutations, we
have arrived at a unique expression for the determinant. Conversely, it is straightforward to show that
this expression satisfies all the requirements of Def. 5.1. In summary, we conclude that the determinant,
as defined in Def. 5.1, is unique and explicitly given by

det(A) = det(Ala T aAn) = Z Sgn(g)aa(l)l “ Qo (n)n s (511)
O'ESn

where a;; are the entries of the n x n matrix A. Note that the sum on the RHS runs over all permutations
in S, and, therefore, has n! terms. A useful way to think about this sum is as follows. From each column of
the matrix A, choose one entry such that no two entries lie in the same row. A term in Eq. (5.11) consists
of the product of these n entries (times the sign of the permutation involved) and the sum amounts to all
possible ways of making this choice.

Another useful way to write the determinant which is often employed in physics involves the n-
dimensional generalization of the Levi-Civita tensor, defined by

+1 ifidq,...,4, is an even permutation of 1,...,n
€iyoi, = —1 ifiq1,...,4, is an odd permutation of 1,...,n . (5.12)
0 otherwise

Essentially, the Levi-Civita tensor plays the same role as the sign of the permutation (plus it vanishes if it
has an index appearing twice when i1, ..., i, is not actually a permutation of 1,...,n) so that Eq. (5.11)
can alternatively be written as

det(A) = €jpoin Qigl * " Qi s (513)

with a sum over the n indices i1, ..., %, implied.

Low dimensions and some special cases
To get a better feel for the determinant it is useful to look at low dimensions first. For n = 2 we have

det ( Zl :1 > = eijaibj = 612a1b2 + 621a2b1 = (llbg — a2b1 . (5.14)
2 2
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The two terms on the right-hand side correspond to the two permutations of {1,2}. In three dimensions
we find

a1 b1
det a9 b2 C9 = eijkaibjck = a1b203 + a2b301 + a3b102 — a2b103 — a36201 — alb302 (5.15)
as b3 C3

= (a,b,c) =a-(b xc) (5.16)

The last line follows by comparison with Eq. (2.43). Hence, the three-dimensional determinant as from our
general definition is indeed the triple product and coincides with our earlier definition of the determinant.
The six terms in the right-hand side of Eq. (5.15) correspond to the six permutations of {1, 2,3} and we
recall from Eq. (2.50) that they can be explicitly computed by multiplying the terms along the diagonals
of the matrix.

Example 5.1: Computing determinants for 2 x 2 and 3 x 3 matrices

Ao ( - ) (5.17)

(a) For a 2 x 2 matrix

we have from Eq. (5.14)

det(A) = det (ix _2> —3.(=5)—(~-2)-4= -7 (5.18)

(b) To compute the determinant of a 3 x 3 matrix

1 -2 0
A=|3 2 -1 (5.19)
4 2 5

we need to write down the six terms in Eq. (5.15) which can be obtained by multiplying the terms along
the diagonals of A, following the rule (2.50). Explicitly

1 -2 0
X XXX

det(A) =det
><4>< 2>< 5><
=1-2:54+(=2)-(~1)-44+0-3-2-0-2-4—(=2)-3-5—1-(=1)-2
—10+8+30+2=50. (5.20)

Recall that each of the six terms are obtained by multiplying three entries along a diagonal as indicated
by the lines (where corresponding lines at the left and right edge of the matrix should be identified to
collect all factors). The three \ diagonals correspond to the three cyclic permutations which appear with
a positive sign while the three / diagonals lead to the anti-cyclic terms which come with a negative sign.

The determinant of a 4 x 4 matrix has 4! = 24 terms and it is n! terms for an n X n matrix, so this becomes
complicated quickly. An interesting class of matrices for which the determinant is simple consists of upper
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triangular matrices, that is, matrices with all entries below the diagonal vanishing. In this case

al *
det =ap---ap, (5.21)

0 an

so the determinant is simply the product of the diagonal elements *. This can be seen from Eq. (5.11). We
should consider all ways of choosing one entry per column such that no two entries appear in the same row.
For an upper triangular matrix, the only non-zero choice in the first column is the first entry, so that the
first row is “occupied”. In the second column the only available non-trivial choice is, therefore, the entry
in the second row etc. In conclusion, from the n! terms in Eq. (5.11) only the term which corresponds to
the product of the diagonal elements is non-zero. An easy conclusion from Eq. (5.21) is that

det(1,) =1, (5.22)

as must be the case from property (D3) in Def. 5.1.

5.2 Properties of the determinant and calculation

As we have seen from the previous discussion, the explicit expression for the determinant becomes compli-
cated quickly as the dimension increases. To be able to work with determinants in general we, therefore,
need to explore some of their more sophisticated properties. We begin with the relation between the
determinant and the transposition of matrices.

Lemma 5.1. The determinant of a matriz and its transpose are the same, so det(A) = det(AT).

Proof. By setting j, = o(a), for a permutation o € S,, we can re-write a term in the sum (5.11) for the
determinant as A, (1)1 Ao(nyn = Ajio-1G1) " Ajno—1Gn) = A1o-1(1) - Ano—1(n), Where the last equality
follows simply be re-ordering the factors, given that ji,...,J, is a permutation of 1,...,n. From this
observation the determinant (5.11) can be written as

5.9 _
det(A) = Z Sgn(U)Ala—l(l) T Ana—l(n) (:) Z sgn(a 1)141(7—1(1) e Ana—l(n)
o€Sn o~lesy
= ngn(p) (AT)p(l)l T (AT)p(n)n = det(AT) :

O]

Another obvious question is about the relation between the determinant and matrix multiplication.
Fortunately, there is a simply and beautiful answer.

Theorem 5.1. det(AB) = det(A) det(B), for any two n X n matrices A, B.

Proof. Recall from Eq. (3.52) the index form of matrix multiplication

(AB); = Z AiBy;j .
k

By focusing on a particular value of j in this expression we can write the j* column of AB as

(AB)Y =) By;A", (5.23)
k

40f course an analogous statement holds for lower triangular matrices.

86



where A* are the columns of A. Hence,

det(AB) = det((AB), -+, (AB)") "2V det [ 3 By 1A, 3 By, AR
k1 kn

ko=0

(D:1) Z By1 - Biyn det(Ak1> T 7Akn) “ Z Ba(l)l S Bo(n)n det(AU(l)v T 7Ag(n))
k1, kn oESn

D2
2 S 5gn(0) Boi)1 -+ Bomn det(AL, -+, A™) = det(A) det(B)

O'GSn

det(A)

det(B)
O

This simple multiplication rule for determinants of matrix products has a number of profound conse-
quences. First, we can prove a criterion for invertibility of a matrix, based on the determinant, essentially
a more complete version of Claim 2.1.

Corollary 5.1. For an n X n matriz A we have:
A is bijective (that is, A has an inverse) <= det(A) #0 (5.24)
If A is invertible then det(A~1) = (det(A))~!.

Proof. “=": If A is bijective it has an inverse A~! and 1 = det(1,) = det(AA™!) = det(A)det(A™1).
This implies that det(A) # 0 and that det(A~!) = (det(A))~! which is the second part of our assertion.
“<=”: We prove this indirectly, so we start by assuming that A is not bijective. From Lemma 3.4 this
means that rk(A) < n, so the rank of A is less than maximal. Hence, at least one of the column vectors
of A, say A! for definiteness, can be expressed as a linear combination of the others, so that

n
Al = Z a; A’
1=2

for some coefficients «;. For the determinant of A this means
_ 1 A2 ny _ = i A2 n | (P1) - i A2 ny (8:1)
det(A) = det(A', A%, ... A") =det [ > ;A" A% A" =1 aidet(AT A% A") =0
i=2 i=2

O

Note that, for invertible matrices A, this provides us with a useful way to calculate the determinant

of the inverse matrix by
det(A™1) = (det(A))7 L. (5.25)
Combining this rule and Theorem 5.1 implies that det(PAP~!) = det(P) det(A)(det(P))~! = det(A), so,

in short
det(PAP™Y) = det(A) . (5.26)

This equation says that the determinant remains unchanged under basis transformations (3.96) and, as a
result, the determinant is the same for every matrix representing a given linear map. The determinant is,
therefore, a genuine property of the linear map and we can talk about the determinant of a linear map,
defined as the determinant of any of its representing matrices.
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Example 5.2: Using the determinant to check if a matrix is invertibe

The above Corollary is useful to check if (small) matrices are invertible. Consider, for example, the family
of 3 x 3 matrices
1 -1 a
A= 0 a -3 (5.27)

where a € R is a real parameter. We can ask for which values of a the matrix A is invertible. Computing
the determinant is straightforward and leads to

det(A) =2a* +a—6. (5.28)

This vanishes precisely when @ = —2 or a = 3/2 and, hence, for these values of a the matrix A is not
invertible. For all other values it is invertible.

Our next goal is to find a recursive method to calculate the determinant, essentially by writing the
determinant of a matrix in terms of determinants of sub-matrices. To this end, for an n X n matrix A, we
define the associated n x n matrices

0 « j™ col

“A” : qu

R
—_
o
o
o+
=

A(m): o --- 0 — 1" row (5.29)

45A77 .: “A??
0

They are obtained from A by setting the (i, ) entry to 1, the other entries in row ¢ and column j to zero
and keeping the rest of the matrix unchanged. Note that the subscripts (4, 7) indicate the row and column
which have been changed rather than specific entries of the matrix (hence the bracket notation). With
the so-defined matrices we define the co-factor matriz, an n x n matrix C' with entries

Cz‘j = det(A(m)) . (5.30)

To find a more elegant expression for the co-factor matrix, we also introduce the (n —1) x (n — 1) matrices
A(; 5y which are obtained from A by simply removing the ith row and the j*" column. It takes i — 1 swaps
of neighbouring rows in (5.29) to move row i to the first row (without changing the order of any other
rows) and a further j — 1 swaps to move column j to the first column. After these swaps the matrix fl(m)
becomes

(4,5) : Ag ( )

From Def. (5.1) (D2) and Lemma 5.1 it is clear that det(A(; ;) = (—1)"*7 det(B; ;)), since we need a total
of i+ j — 2 swaps of rows and columns to convert one matrix into the other. Further, the explicit form of
the determinant (5.11) implies that det(B; ;)) = det(A; ;)) (as the only non-trivial choice of entry in the
first column of B(; ;) is the 1 in the first row). Combining these observations means the co-factor matrix
is given by } o

Cij = det(A(m)) = (—1)Z+] det(A(i,j)) . (5.32)

88



Hence, the co-factor matrix contains, up to signs, the determinants of the (n — 1) x (n — 1) sub-matrices
of A, obtained by deleting one row and one column from A. As we will see, for explicit calculations, it is
useful to note that the signs in Eq. (5.32) follow a “chess board pattern”, that is, the matrix with entries
(—1)"* has the form

M (5.33)

Our goal is to relate the determinant of A to the determinants of sub-matrices, that is to the entries of
the co-factor matrix. This is accomplished by

Lemma 5.2. For an n x n matriz A with associated co-factor matriz C, defined by Eq. (5.32), we have
CTA = det(A)1, (5.34)

Proof. This follows from the definition of the co-factor matrix, more or less by direct calculation.
3.52 5.32 ~
(CTA); "2 3y = 3 AiCri "2 3 Ay det(A g )
k k

k
(5£9) ZAkj det(Al,--- ,Aifl,ek,A"“,-~- LA™
k
(Dzl) det <A13 T aAi_l? ZAkje/WAH—l? e 7An>
k

i i A ny (5-1)
= det(A', -+ AT AT AT AT) T2 65 det(A) = (det(A)T,),;

O
An immediate conclusion from Lemma 5.2 is
det(A) = (CTA)j; = 3 (CT)jids = 3 Cigdiy = 3 (=1)"7 Ay det(Agi ).
S0,
det(A) = (—1)" A;; det(A 5) - (5.35)

(2

This identity is referred to as Laplace expansion of the determinant. It realizes our goal of expressing the
determinant of A in terms of determinants of the sub-matrices A; ;). More specifically, in Eq. (5.35) we
can choose any column j and compute the determinant of A by summing over the entries ¢ in this column
times the determinants of the corresponding sub-matrices A; j) (taking into account the sign). This is
also referred to as expanding the determinant “along the j™ column”. Since the determinant remains
unchanged under transposition it can also be computed in a similar way be expanding “along the i*" row”.
To see how this works in practice we consider the following

Example 5.3: Laplace expansion of determinant

We would like to compute the determinant of the matrix

2 -1 0
A=[1 2 =2 (5.36)
0 3 4



by expanding along its 15¢ column. From Eq. (5.35), taking into account the signs as indicated in (5.33),
we find

det(A) = Ay det(A(Ll)) — Aoy det(A(Zl)) + Asgq det(A(371))

2 =2 -1 0 -1 0
—2-det<3 4>—1-det< 3 4)+0-det( 9 _2)—2-14—1-(—4)+0-2—32

Note that the efficiency of the calculation can be improved by choosing the row or column with the most
ZEros.

A by-product of Lemma 5.2 is a new method to compute the inverse of a matrix. If A is invertible then,
from Cor. 5.1, det(A) # 0 and we can divide by det(A) to get

1 T
A=1,.
det(A) ¢
Hence, the inverse of A is given by
1
Al = cr. 5.37
det(A) (5:37)

Again, it is worth applying this to an example.

Example 5.4: Inverse of a matrix using the co-factor method

(a) We would like to find the inverse of a general 2 x 2 matrix

A= < ‘CL Z ) (5.38)

using the co-factor method. The co-factor matrix of A is easily obtained by switching around the diagonal
and non-diagonal entries and inverting the signs of the latter:

d —c
C= ( o ) . (5.39)
With det(A) = ad — ¢b (which should be different from zero for the inverse to exist) we have for the inverse

1 1 d —b
A= 7= : 4
det(A)C ad — cb ( —c a > (5.40)

Note that this provides a rule for inverting 2 x 2 matrices which is relatively easy to remember: Exchange
the diagonal elements, invert the signs of the off-diagonal elements and divide by the determinant.

(b) We consider the matrix A, Eq. (5.36), from the previous example. From Eq. (5.32) we find for the
associated co-factor matrix

14 -4 3

C= 4 8 -6

2 4 )

With det(A) = 32 the inverse is
14 4 2
1 1
-1 T

= c" = -4 8 4
det(A) 32 3 g 5
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We note that, for larger matrices, the row reduction method discussed in Section 3.3 is a more efficient
way of computing the inverse than the co-factor method. Indeed, for an n x n matrix the number of
operations required for a row reduction grows roughly as n? while computing a determinant requires ~ n!
operations.

Despite our improved methods, the calculation of determinants of large matrices remains a problem,
essentially because the aforementioned n! growth of the number of terms in Eq. (5.11). Using a Laplace
expansion will improve matters only if the matrix in question has many zeros. However, by using elemen-
tary row operations, we can get to an efficient way of computing large determinants. The key observation
is that, from the general properties of the determinant in Def. 5.1, row operations of type (R1) (see
Def. 3.7) only change the sign of the determinant and row operations of type (R2) leave the determinant
unchanged. A given matrix A can be brought into upper echelon form, A’, by a succession of these row
operations and, hence, det(A) = (—1)P det(A’), where p is the number of row swaps used in the process.
The matrix A’ is in fact in upper triangular form

al *
A =
0 an

and, as discussed earlier, the determinant of such a matrix is simply the product of its diagonal entries.
It follows that det(A) = (—=1)Pay - - - ay,.

5.3 Cramer’s Rule

We have already seen how the determinant of a matrix can be used to decide if an n X n matrix A is
invertible, and how to compute the inverse of a matrix. Here we introduce Cramer’s Rule, which uses
determinants to solve systems of linear equations Ax = b for the case of quadratic and invertible n x n
matrices A. Recall from our general discussion in Section 4.1 that, in this case, the linear system has a
unique solution, x = A™!'b, for any vector b.

To derive Cramer’s rule we first define the matrices
Bgy = (A, (A" b, AT AT (5.41)

which are obtained from A by replacing the i*" column with b and keeping all other columns unchanged.
We also note that, in terms of the column vectors A7 of A the linear system Ax = b can be written as
(see, for example, Eq. (3.36))

> Al =, (5.42)
J

where x = (21,...,2,)7. Then we find

(5.42)

det(B(;)) = det(A',--- A" b, AT ... A" det(A', -+, ALY " AT AT L AT

J

(lil) Z.’L‘jdet(Al,"‘ ’AiflaAj’AH»l’”_ ,An) (DZZ) Iidet(Al,”' 7Ai71’Ai’Ai+1’”' 7An)
J

= z;det(A) .
Solving for x; we find Cramer’s rule

det(Bg))  det(Al,--- A1 b AT ... A"
xTr; = —
det(A) det(A)

(5.43)
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for the solution x = (x1,...,2,)7 of the linear system Ax = b, where A is an invertible n x n matrix.
To solve linear systems explicitly, Cramer’s rule is only useful for relatively small systems, due to the n!
growth of the determinant. For larger linear systems the row reduction method introduced in Section (4.3)
should be used.

Example 5.5: Cramer’s rule

Let us apply Cramer’s rule to a linear system Ax = b with

2 -1 0 1
A=[1 2 2|, b=[2]. (5.44)
0 3 4 0

From Eq. (5.41), that is by replacing one column of A with the vector b, we find the three matrices

1 -1 0 21 0 2 —1 1
Bpy=|2 2 -2|, By={(12 2|, Bg=[1 22]. (5.45)
0 00 4 0 30

By straightforward computation, for example using a Laplace expansion, it follows that det(A) = 32,
det(B(1)) = 22, det(B(2)) = 12 and det(B(3)) = —9. From Eq. (5.43) this leads to the solution

22
1
-9
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6 Scalar products

In Section 2 we have introduced the standard scalar product on R™ (the dot product) and we have seen
its usefulness, particularly for geometrical applications. Here, we study its generalizations to arbitrary
real and complex vector spaces.

6.1 Real and hermitian scalar products

Definition 6.1. A real (hermitian) scalar product on a vector space V over FF =R (F = C) is a map
(+,-): VxV —=R(C) satisfying

(S1) (v,w) = (w, V), for a real scalar product, F = R

(v,w) = (w,Vv)*, for a hermitian scalar product, F' = C
(S2) (v,au+ fw) = a(v,u) + (v, w)
(S3) (v,v) >0 ifv#0

for all vectors v,u,w € V and all scalars o, 3 € F.

If (S1) and (S2), but not necessarily (S3) are satisfied, then (-, -) is called a bi-linear form (in the real
case F'=1TR) or a sesqui-linear form (in the complex case F = C).

Let us discuss this definition, beginning with the case of a real scalar product. The condition (S2) says
that a scalar product is linear in the second argument, in precisely the same sense that a linear map
is linear (see Def. 3.5). For the real case, the scalar product is symmetric in the two arguments from
condition (S1) and, together with (S2), this implies linearity in the first argument, so

(av + fu,w) = a(v,w) + S{u,w) . (6.1)

So, in the real case, the scalar product is bi-linear. In this sense, we should think of the above definition
as natural, extending our notion of linearity to maps with two vectorial arguments.

The situation is somewhat more complicated in the hermitian case. Here, the complex conjugation in
(S1) together with (S2) leads to

(av + fu,w) = a™(v,w) + " (u,w) . (6.2)

Hence, sums in the first argument of a hermitian scalar product can still be pulled apart, but scalars are
pulled out with a complex conjugation. This property, together with the linearity in the second argument °
is also called sesqui-linearity.

The property (S3) ensures that we can sensibly define the norm (or length) of a vector as

V| =/ (v, V). (6.3)

Note that in the hermitian case, (S1) implies that (v,v) = (v, v)* so that (v, v) is real. For this reason,
the condition (S3) actually makes sense in the hermitian case (if (v,v) was complex there would be no
well-defined sense in which we could demand it to be positive) and this explains the need for including
the complex conjugation in (S1).

The Cauchy-Schwarz inequality can be shown as in Lemma 2.1 (taking care to include complex con-
jugation in the hermitian case), so we have in general

[(v,w)| < |v]lw]. (6.4)

5In some parts of the mathematics literature a hermitian scalar product is defined to be linear in the first argument. Our
definition based on linearity in the second argument is the usual convention in the physics literature.
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The proof of the triangle inequality in Lemma 2.2 also goes through in general, so for the norm (6.3) of a
general scalar product we have
v +w| <|v|+|w|. (6.5)

For a real scalar product, in analogy with Eq. (2.10), the Cauchy-Schwarz inequality allows the definition
of the angle <((v,w) € [0, 7] between two non-zero vectors v, w by

(v, w)

cos(<(v,w)) := VW]

(6.6)

For any scalar product, two vectors v and w are called orthogonal iff (v, w) = 0. Hence, for a real scalar
product, the non-zero vectors v and w are orthogonal precisely when they form an angle <(v,w) = 7/2.
We should now discuss some examples of scalar products.

Example 6.1: Examples of scalar products

(a) Standard scalar product in R”

This is the dot product introduced earlier. For two vectors v = (vi,...,v,)T and w = (w1, ...,w,)? in

R"™ it is defined as .
(v,iw):=v-w=vlw= Zviwi . (6.7)

=1

We already know from Eq. (2.3) that it satisfies all the requirements in Def. 6.1 for a real scalar product.

(b) Standard scalar product in C”

For two vectors v = (vq,...,v,)" and w = (w1,...,w,)? in C" the standard scalar product in C" is
defined as .
(v,w) :=viw = vawi . (6.8)
i=1

It is easy to check that it satisfies the requirements in Def. 6.1 for a hermitian scalar product. In particular,
the associated norm is given by

V[P =(v,v) =D Juil*, (6.9)
=1

where |v;| denotes the modulus of the complex number v;. This is indeed real and positive, as it must,
but note that the inclusion of the complex conjugate in Eq. (6.8) is crucial.

(c) Minkowski product in R*
For two four-vectors v = (vg,v1,v2,v3)" and w = (wp, w1, ws,ws3)? in R* the Minkowski product is
defined as

(v,w) := vigw = —vowo + viwy + vows + vzws  where 7= diag(—1,1,1,1) . (6.10)

It is easy to show that it satisfies conditions (S1) and (S2) but not condition (S3). For example, for
v = (1,0,0,0)” we have

(v,v) =—-1, (6.11)

which contradicts (S3). Therefore, the Minkowski product is not a scalar product but merely a bi-linear
form. Nevertheless, it plays an important role in physics, specifically in the context of special (and general)
relativity.

(d) Scalar product for function vector spaces
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Def. 6.1 applies to arbitrary vector spaces so we should discuss at least one example of a more abstract
vector space. Consider the vector space of continuous (real- or complex-valued) functions f : [a,b] — R
or C on an interval [a,b] C R. A scalar product for such functions can be defined by the integral

b
(fg) = / drf(x) g(x) (6.12)

It is easily checked that the conditions (S1)—(S3) are satisfied. Scalar products of this kind are of great
importance in physics, particularly in quantum mechanics.

(e) Scalar product for real matrices

The real n X n matrices form a vector space V with vector addition and scalar multiplication defined
component-wise as in Example 1.4 (e). The dimension of this space is n? with a basis given by the
matrices E;;), defined in Eq. (1.54). On this space, we can introduce a scalar product by

ij)9

(A,B) :=tr(ATB) = > A;;B;; . (6.13)

where the symbol tr denotes the trace of a matrix A, defined as the sum over its diagonal entries, so
tr(A) := >, Aji. The sum on the RHS of Eq. (6.13) shows that this definition is in complete analogy
with the dot product for real vectors, but with the summation running over two indiced instead of just
one. It is, therefore, clear that all requirements for a scalar product are satisfied. For complex matrices a
hermitian scalar product can be defined analogously simply by replacing the transpose in Eq. (6.13) with
a hermitian conjugate.

We conclude our introduction to scalar products with a simple but important observation about orthogonal
vectors.

Lemma 6.1. Pairwise orthogonal and non-zero vectors vi, ..., vy are linearly independent.

Proof. Start with
k
Z oV, = 0
i=1

and take the scalar product of this equation with one of the vectors, v;. Since (v;,v;) = 0 for i # j it
follows that a;|v;|> = 0. Since v; # 0 its norm is positive, |v;| > 0, so a; = 0. O

6.2 Orthonormal basis, Gram-Schmidt procedure

From the previous Lemma, n pairwise orthogonal, non-zero vectors in an n-dimensional vector space form
a basis. This motivates the following

Definition 6.2. A basis €1,...,€, of a vector space V with a scalar product is called ortho-normal iff
<€i7 €j> = (51']' y (6.14)

that is, if the basis vectors are pairwise orthogonal and have length one.

Example 6.2: Examples of ortho-normal basis

(a) The basis of standard unit vectors, ey, ..., e, of R (C") is an ortho-normal basis with respect to the
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standard scalar product on R™ (C"), as defined in Example 6.1.

(b) The vectors
() s ()

form an orthonormal basis on R? with respect to the standard scalar product, that is, eiTej = ;5.

() e ()

form an orthonormal basis on C? with respect to the standard scalar product, that is, e;rej = d;;. Note,
it is crucial to use the proper standard scalar product 6.1 (b) for the complex case which involves the
hermitian conjugate rather than the transpose.

(c) The vectors

(d) For the vector space of real n x n matrices, the matrices Ei;), defined in Eq. (1.54), form an ortho-
normal basis with respect to the scalar product (6.13).

An ortho-normal basis has many advantages compared to an arbitrary basis of a vector space. For example,
consider the coordinates of a vector v € V relative to an ortho-normal basis {€1,...,€,}. Of course, we
can write v as a linear combination v = 2?21 «;€; with some coordinates a; but, in the general case, these
coefficients need to be determined by solving a system of linear equations. For an ortho-normal basis, we
can just take the scalar product of this equation with €;, leading to

n n
o) = (e 3o i) = S e = o
=1 =1

=5y
So in summary, the coordinates of a vector v relative to an ortho-normal basis {€y, .. ., €, } can be computed
as
n
v = Zaifi = ;= (€,V). (6.17)
i=1

Example 6.3: Coordinates relative to an ortho-normal basis in R? and C?

As before, we have to be careful to distinguish the real and the complex case, since the respective standard
scalar products differ by a complex conjugation. We begin with the real case.

(a) Consider R? with ortho-normal basis {€1, €2} as in Eq. (6.15) and the vector v = (2, —3)T. We would
like to write this vector as a linear combination v = aj€1 + ag€a. Then, the coordinates aq, ao are given

by
w5 (1) () men () ()5

(b) For C? we use the ortho-normal basis {€, €2} from (6.16) and the same vector v = (2, —3)7 which
we would like to write as a linear combination v = (1€ + #2€2. Then,

1 2N 2 443 1 1\ 2\ 2-6
etee (1) ()2 i () ()5
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Note it is crucial to use the hermitian conjugate, rather than the transpose in this calculation.

Does every (finite-dimensional) vector space have an ortho-normal basis and, if so, how can it be deter-
mined? The Gram-Schmidt procedure answers both of these questions.

Theorem 6.1. (Gram-Schmidt procedure) If {v1,...,vn} is a basis of the vector space V', then there exists
an ortho-normal basis {€1,...,€,} of V such that Span(ey, ..., €x) = Span(vy,...,vg) forallk =1,...,n.

Proof. The proof is constructive. The first vector of our prospective ortho-normal basis is obtained by
simply normalizing v1, that is,

v

€ = — (6.18)

_|v71’.

Clearly, |€;| = 1 and Span(e;) = Span(vi). Suppose we have already constructed the first k£ — 1 vectors

€1,...,€;—1, mutually orthogonal, normalized and such that Span(ey,...,€;) = Span(vy,...,v;) for all
j=1,...,k—1. The next vector, €, is then constructed by first subtracting from v its projections onto
€1,...,€,_1 and then normalizing, so
k—1 v/
Vi, = Vg — Z<ei,vk>ei , € = ﬁ . (6.19)
i=1 k

Obviously, |ex| =1 and for any vector €; with j < k we have

k—1
(€, Vi) = (€5, i) = > (€0, vi ) {€j, &) = (€5, Vi) — (€, Vi) = 0.
i=1 Y
=5i;
Hence, €, is orthogonal to all vectors €y, . .., €,_1. Moreover, since Span(ey, ..., €x_1) = Span(viy, ..., Vg_1)
and vy, and € only differ by a re-scaling and terms proportional to €1, . .., €;_1 is follows that Span(ey, ..., ;) =
Span(viy, ..., Vg). O

We have seen that every finitely spanned vector space has a basis. The above theorem, therefore, shows
that every finitely spanned vector space with a scalar product also has an ortho-normal basis. Note that
the proof provides a practical method, summarized by Egs. (6.18), (6.19), to compute an ortho-normal
basis from a given basis. Let us apply this method to some explicit examples.

Example 6.4: Gram-Schmidt procedure
(a) Start with the basis

1 2 1
vy = 1 , Vo = 0 , V3= —2
0 1 -2

of R3. We would like to construct the associated ortho-normal basis with respect to the standard scalar
product (the dot product).
1) To find €; use Eq. (6.18):

V1 1

61:7:7
’Vﬂ \/5 0
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2) To find €3 use Eq. (6.19) for k = 2:

2 1 1 v 1
/ 2
vo=va—(e,v2)er=| 0 || 1 |[=|-1], e=—F=—72| -1

3) To find €3 use Eq. (6.19) for k = 3:

1 1 1 1 ) 1

, 1 1 7 v 1
vy =v3—(€1,v3)e1—(€2,v3)ea = | —2 +§ 1 -3 -1 | = 8 -1 ], e= v = NG -1
-2 0 1 -2 -2

So, in summary, the ortho-normal basis is

1 1 1 1 1

€l = ——= 1 y € — ——= -1 s €3 —

1
il s VA
It is easy (and always advisable) to check that indeed (€;, €;) = d;;.

(b) For a somewhat more adventurous application of the Gram-Schmidt procedure consider the vector
space of quadratic polynomials in one variable z € [1,—1] with real coefficients and a scalar product
defined by

1
(fq) = / daf(@)g(a).

We would like to find the ortho-normal basis associated to the standard monomial basis vi = 1, vo = z,
v3 = 22 of this space.
1) To find €;:
( > /1 d Vi 1
Vi, V1) = T = I €ElL=77=—F=-
—1 vi| V2

2) To find €y first compute v/,

1
x
<€1,V2>:/ dr— =0, vh=vy — (€1,v2)€1 = 1,

1 V2

and then normalize

1 /
2 v 3
(v, vy) /_1 T T 3 € v T

3) To find €3 first compute v}

1 /[t 2 3 ! 1
(€1,v3) = \/i/_ldxe = \g , (€2, v3) = \[2/_1@333 =0, vi=vz—(e1,v3)e1—(e2,v3)es = x2_§ ,

and normalize
1 1 2 8 \' 5
/ / — d 2_7 —_ :73 = — 3 2—1 .
= [ ( 3) 5 ST Vs Y

So, in summary, the ortho-normal polynomial basis is

1 3 5
elz\ﬁ’ 62:\/;1', 63:\/;(3332—1).

These are the first three of an infinite family or ortho-normal polynomials, referred to as Legendre poly-
nomials, which play an important role in mathematical physics.
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We have already seen in Eq. (6.17) that the coordinates of a vector relative to an ortho-normal basis are
easily computed from the scalar product. There are a few more helpful simplifications which arise for an
ortho-normal basis. For their derivation, we start with two vectors

vV = Zaiei y a; = <€7;,V> (620)
w=> B, Bi=I(ewW) (6.21)

and compute their scalar product

(v,w) = Z ol B = Z Qi = (v e)enw) . (6.22)

%

(€is€5)
———

i, €5
=5y,

This shows that, relative to an ortho-normal basis, a scalar product can be expressed in terms of the
standard scalar product on R™ or C™. Suppose we would like to compute the representing matrix A
of a linear map f : V — V relative to an ortho-normal basis {€1,...,€,} of V. In general, following
Lemma 3.3, the entries A;; of the matrix A can be obtained from

f(ej) = ZAijei . (623)

Taking the scalar product of this equation with € results in the simple formula

Aij = (€, [(€5)) - (6.24)

In physics, the RHS of this expression is often referred to as a matriz element of the map f. It is worth
noting that a linear map is uniquely determined by its matrix elements.

Lemma 6.2. If two linear maps f:V —V and g : V — V satisfy (v, f(w)) = (v,g(w)) (or (f(v),w) =
(g(v),w)) for all v,w €V then f =g.

Proof. By linearity of the scalar product in the second argument the assumption implies that (v, f(w) —
g(w)) =0 for all v,w € V. In particular, if we choose v = f(w) — g(w), it follows from Def. 6.1 (S3)
that f(w) — g(w) = 0. Since this holds for all w it follows that f = g. The alternative statement follows
simply by applying Def. 6.1 (S1). O
Example 6.5: Calculating the matrix representing a linear map relative to an ortho-normal basis

For a fixed vector n € R?, we consider the linear map f : R? — R3 defined by
fV)=(m-v)n. (6.25)

Evidently, this map projects vectors into the direction of n. We would like to compute the matrix A
representing this linear map relative to the ortho-normal basis given by the three standard unit vectors
e;, using Eq. (6.24). We find

Aij=e;i- f(ej) = (n-e)(n-e;) =nim; . (6.26)
and, hence, A;; = n;n; or, in matrix notation

n?  ning ning
A= | nming n%  nang (6.27)
ning nang  n3
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We end this discussion of orthogonality with a result on perpendicular spaces. For a sub vector space
W C V the perpendicular space W+ is defined as

Wt ={veV|(w,v)=0forallweW}. (6.28)

In other words, W consists of all vectors which are orthogonal to all vector in W. For example, if W C R3
is a plane through the origin then W+ is the line through the origin perpendicular to this plane. The
following statements are intuitive and will be helpful for our treatment of eigenvectors and eigenvalues in
the next section.

Lemma 6.3. For a sub vector space W C V' of a finite dimensional vector space V with a scalar product
the following holds:

(i) W+ is a sub vector space of V.
(ii) W n W+ = {0}
(ii3) dim(W) 4+ dim(W+) = dim(V)

Proof. (i) If vi, vy € W+ then clearly avy 4 fva € W+ so from Def. 1.2 W+ is a sub vector space.
(ii) If v.€ W N W+ then (v,v) = 0, but from Def. 6.1 (S3) this implies that v = 0.

(iii) Choose an ortho-normal basis {€1,...,€x} of W and define the linear map f : V. — V by f(v) =
Z§:1<ei,v>ei (a projection onto W). Clearly Im(f) C W. For w € W it follows from Eq. (6.17) that
f(w) = w so that Im(f) = W. Moreover, Ker(f) = W+ and the claim follows from the dimension
formula (3.4) applied to the map f. O

6.3 Adjoint linear map

A common theme in mathematics is to explore the new structures which arise from consistency require-
ments when two mathematical ideas are combined. In the present case, we have combined vector spaces
and scalar products. Since vector spaces are equipped with linear maps it is, therefore, natural to ask
about the relation between linear maps and scalar product. Specifically, we would like to study, in this
sub-section and the next, specific classes of linear maps which relate to a given scalar product in an
interesting way. We begin by defining adjoint linear maps.

Definition 6.3. For a linear map f : V — V on a vector space V with scalar product, an adjoint linear
map, f1:V =V is a map satisfying
(v, fw) = (fTv, w) (6.29)

forallv,w e V.

In other words, a linear map can be “moved” into the other argument of the scalar product by taking its
adjoint. The following properties of the adjoint map are relatively easy to show.

Lemma 6.4. (Properties of the adjoint)

(i) For a given linear map f the adjoint [T is uniquely determined.
(i) (f)T = f

(iii) (f +g)T = fT+ 4

(iw)(af)t = a* 1

(v) (fog)T=gloff

(vi) (f~O)t = (fNH7L, if f is invertible.
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Proof. (i) For two adjoints f1, fo for f we have (f1(v),w) = (v, f(w)) = (f2(v),w) for all v,w € V.
Then Lemma 6.2 implies that f; = fa.

(i) (fHT(v),w) = (v, fI(w)) = (f(v,w). Comparing the LHS and RHS together with Lemma 6.2 shows
that (fHt = f.

(iii) ((f+9)T(v), W) = (v, (f+9)(W)) = (v, f(W))+{v,g(W)) = (f(v), W) +(g"(v), w) = ((fT+4")(v), W)
and the claim follows from Lemma 6.2.

(iv) ((af)T(v),w) = (v, (af)(W)) = alv, f(W)) = a(fT(v),w) = ((a* fT)(v),w) and Lemma 6.2 leads to
the stated result.

(V) ((fo )T (v),w) = (v, (f o 9)(w)) = (fT(v),g9(w)) = (g7 o fT(v), ).

(vi) From (v) we have idy = (f o f~)f = fT o (f~1)!. This means (f~1)' is the inverse of f! and, hence,
(fH~t =t 0

Let us now proceed in a more practical way and understand the adjoint map relative to an ortho-
normal basis €1,..., €, of V. From Eq. (6.24) the matrices A, B describing f and fT relative to this basis
are given by

Aij = (e, flej)) . Bij= (e, f(e))) - (6.30)

Using the scalar product property (S1) in Def. (6.1) these matrices are related by
Bij = (ei. [1(€;)) = (f1(€)),e0)* = (e, fle)) = 4;; = B=A", (6.31)

that is, if A represents f then the hermitian conjugate Af represents ff. This also shows that, by reversing
the above argument and defining fT as the linear map associated to Af, that the adjoint always exists -
this was not immediately clear from the definition.

Previously, we have introduced hermitian conjugation merely as a “mechanical” operation to be carried
out for matrices. Now we understand its proper mathematical context - it leads to the matrix which
describes the adjoint linear map. In the case of a real scalar product we can of course drop the complex
conjugation in Eq. (6.31) and the matrix describing the adjoint becomes A’ the transpose of A. Hence,
we have also found a mathematical interpretation for the transposition of matrices.

We have seen in Eq. (6.22) that, with respect to on ortho-normal basis, a scalar product is described
by the standard (real or complex) scalar product on R™ or C". It is, therefore, clear that the adjoint of
a matrix A with respect to the standard scalar product is given by its hermitian conjugate, AT (or A7
in the real case). This is easy to verify explicitly from the definition of the standard scalar product in
Example 6.1.

(v, Aw) = viAw = (ATv)Tw = (ATv, w) . (6.32)

A particularly important class of linear maps are those which coincide with their adjoint.

Definition 6.4. A linear map f : V — V on a vector space V with scalar product is called self-adjoint
(or hermitian) iff f = f1.

In other words, self-adjoint maps can be moved from one argument of the scalar product into another, so
(v, f(w)) = (f(v),w) <= (v,f(w))=(w,f(v))". (6.33)

Clearly, relative to an ortho-normal basis, a self-adjoint linear map is described by a hermitian matrix (or
a symmetric matrix in the real case). Further, the self-adjoint linear maps on R™ (C™) with respect to the
standard scalar product are the symmetric (hermitian) matrices.

Example 6.6: A self-adjoint derivative map
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For a more abstract example of a self-adjoint linear map, consider the vector space of (infinitely many
times) differentiable functions ¢ : [a, b] — C, satisfying ¢(a) = ¢(b), with scalar product

b
(o, ) = / dz o) ()

The derivative operator
d
D=—i—
dx
defines a linear map on this space and we would like to check that it is self-adjoint. Performing an

integration by parts we find

b b b
(0. D0 = =i [ dop() @) = ilpl@) vl +1 [ e L) vta) = [ do(De)a) v
o

= (D,

Hence, D is indeed hermitian. Note that the boundary term vanishes due to the boundary condition
on our functions and that including the factor of ¢ in the definition of D is crucial for the sign to work
out correctly. In quantum mechanics physical quantities are represented by hermitian operators. In this
context, the present operator D plays an important role as it corresponds to linear momentum.

6.4 Orthogonal and unitary maps

Another important class of linear maps which relate to scalar product in a particular way are orthogonal
and unitary maps. They are the linear maps which leave a scalar product unchanged in the sense of

Definition 6.5. Let V' be a vector space with a real (hermitian) scalar product. A linear map f:V — V
is called orthogonal (unitary) iff

(f(v), f(w)) = (v, w) (6.34)
forall v,w e V.

In particular, orthogonal or unitary maps f leave lengths of vectors unchanged, so |f(v)| = |v|. In the
real case, we can use the scalar product to defines angles between vectors as in Eq. (6.6), so orthogonal
maps [ leave such angles unchanged, that is, <(v, w) = <(f(v), f(w)).

Lemma 6.5. (Properties of unitary maps)

(i) Unitary maps f can also be characterized by f1o f =idy.

(i4) Unitary maps f are invertible and f~ = f1.

(11i) The composition of unitary maps is a unitary map.

(iv) The inverse, f1, of a unitary map f is unitary.

Proof. (i) Using the adjoint map, the condition (6.34) can be re-written as (v, fT o f(w)) = (v,idy(w)).
From Lemma 6.2 a function is uniquely determined by its matrix elements so that orthogonal and unitary
operators can also be defined by the condition

ffof=idy. (6.35)

(ii) A direct consequence of (i).

(iii) For two unitary maps f, g, satisfying (f(v), f(w)) = (v,w) and (g(v), g(w)) = (v, w), it follows that
(fog(v),fog(w))=(f(v), f(w)) = (v,w) and hence, that f o g is unitary.

(iv) From (f(v), f(w)) = (v, w), writing v/ = f(v), w' = f(w) it follows that (v/, w') = (f~1(v'), f~H(w'))
so that f~' = fT is unitary. O

102



As before, it is useful to work out what this means relative to an ortho-normal basis. If f is described by
a matrix A relative to this basis then we already know that f! is described by the hermitian conjugate
At in the complex case or by the transpose A7 in the real case.

We begin with the real case where the condition (6.35) turns into
ATA=1 = A'=4AT —= A" AI=y;. (6.36)

Matrices A satisfying this condition are called orthogonal matrices and they can be characterized, equiv-
alently, by either one of the three conditions above. The simplest way to check if a given matrix is
orthogonal is usually to verify the condition on the LHS. The condition in the middle tells us it is easy to
compute the inverse of an orthogonal matrix - it is simply the transpose. And, finally, the condition on
the RHS says that the column vectors of an orthogonal matrix form an ortho-normal basis with respect
to the standard scalar product (the dot product). In fact, since a real scalar product, written in terms of
an ortho-normal basis, corresponds to the dot product, see Eq. (6.22), we expect that orthogonal matrices
are precisely those matrices which leave the dot product invariant. Indeed, we have

ATA=1, < AUv)(Aw)=vIw forall v,wcR" (6.37)

The set of all n x n orthogonal matrices is also denoted by O(n). Taking the determinant of the LHS con-
dition in (6.36) and using Lemma 5.1 and Theorem 5.1 gives 1 = det(1) = det(AAT) = det(A) det(AT) =
det(A)? so that

det(A) = £1 (6.38)

for any orthogonal matrix. The subset of n x n orthogonal matrices A with determinant det(A) = +1
is called special orthogonal matrices or rotations and denoted by SO(n). Note that the term “rotation”
is indeed appropriate for those matrices. Since they leave the dot product invariant they do not change
lengths of vectors and angles between vectors and the det(A) = +1 conditions excludes orthogonal ma-
trices which contain reflections. The relation between orthogonal matrices with positive and negative
determinants is easy to understand. Consider an orthogonal matrix A with det(A) = —1 and the specific
orthogonal matrix F' = diag(—1,1,...,1) with det(F) = —1 which corresponds to a reflection in the first
coordinate direction. Then the matrix R = FA is a rotation since det(R) = det(F)det(A) = (—1)% = 1.
This means every orthogonal matrix A can be written as a product

A=FR (6.39)

of a rotation R and a reflection F. To get a better feeling for rotations we should look at some low-
dimensional examples.

Example 6.7: Rotations in two and three dimensions

(a) Two dimensions
To find the explicit form of two-dimensional rotation matrices we start with a general 2 x 2 matrix

a b
()
where a, b, ¢, d are real numbers and impose the conditions RT R = 15 and det(R) = 1. This gives

a?+c2 ab+cd ! 10 !
RTR—<ab+cd b2+d2>_<0 1>, det(R) =ad —bc=1,
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and, hence, the equations a® +c? = b> 4+ d?> =1, ab+ cd = 0 and ad — bc = 1. It is easy to show that a

solution to these equations can always be written as a = d = cos(6), ¢ = —b = sin(), for some angle 6 so
that two-dimensional rotation matrices can be written in the form
cosf —sinf
= 4
R(0) < sinf  cosd ) (6.40)
For the rotation of an arbitrary vector x = (z,y)7 we get
x' = Rx = :EC.OSG —ysind . (6.41)
xsinf + ycosd
It is easy to verify explicitly that |x’| = |x|, as must be the case, and that the cosine of the angle between
x and x’ is given by
" cosf — ysinf sin 6 cos 6
cos(<(x’,x)) xox (@ ysinf)a + (wsinf +y )y = cosf . (6.42)

S %[>

This result means we should interpret R() as a rotation by an angle #. From the addition theorems of
sin and cos it also follows easily that

R(61)R(02) = R(01 + 02) , (6.43)

that is, the rotation angle adds up for subsequent rotations, as one would expect. Note, Eq. (6.43)
also implies that two-dimensional rotations commute, since R(61)R(62) = R(01 + 02) = R(02 + 61) =
R(62)R(61), again a property intuitively expected.

(b) Three dimensions

To find the explicit form for three-dimensional rotations we could, in principle, use the same approach as
in two dimensions and impose all relevant constraints on an arbitrary 3 x 3 matrix. However, this leads
to a set of equations in 9 variables and is much more complicated. However, it is easy to obtain special
three-dimensional rotations from two-dimensional ones. For example, the matrices

1 0 0
Ri(61)=1| 0 costy —sinb; (6.44)
0 sinfy cosby

clearly satisfy Ry (61)T R1(61) = 13 and det(R;(#1)) = 1 and are, hence, rotation matrices. They describe
a rotation by an angle #; around the first coordinate axis. Analogously, rotation matrices around the
other two coordinate axis can be written as

cosfy 0 —sinfy cosfl3 —sinfsz 0
RQ(QQ) = 0 1 0 s R3(93) = sin 03 COS 93 0 . (645)
sinf; 0 cosfs 0 0 1

It turns out that general three-dimensional rotation matrices can be obtained as products of the above
three special types. For example, we can write a three-dimensional rotation matrix as R(61,02,03) =
R1(01)R2(62)R3(03), that is, as subsequent rotations around the three coordinate axis. Of course, there are
different ways of doing this, another choice frequently used in physics being R(1), 0, ¢) = R3(¢))R1(0)R3().
The angles 9,0, ¢ in this parametrization are also called the Fuler angles and in this case, the rotation
is combined from a rotation by ¢ around the z-axis, then a rotation by € around the z-axis and finally
another rotation by 1 around the (new) z-axis. The Euler angles are particularly useful to describe the
motion of tops in classical mechanics.

Finally, we note that, unlike their two-dimensional counterparts, three-dimensional rotations do not,
in general, commute. For example, apart from special choices for the angles Ry(61)R2(02) # R2(02)R1(61).
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Application: Rotating physical systems

Suppose we have a stationary coordinate system with coordinates x € R? and another coordinate system
with coordinates y € R?, which is rotating relative to the first one. Such a set-up can be used to describe
the mechanics of objects in rotating systems and has many applications, for example to the physics of
tops or the laws of motion in rotating systems such as the earth (see below). Mathematically, the relation
between these two coordinate system can be described by the equation

x=R(t)y, (6.46)
where R(t) are time-dependent rotation matrices. This means the matrices R(t) satisfy
R®TR(t) =13, (6.47)

(as well as det(R(t)) = 1)) for all times ¢. In practice, we can write rotation matrices in terms of rotation
angles, as we have done in Example 6.7. The time-dependence of R(t) then means that the rotation angles
are functions of time. For example, a rotation around the z-axis with constant angular speed w can be

written as
cos(wt) —sin(wt) 0
R(t) = | sin(wt) cos(wt) 0 | . (6.48)
0 0 1

In physics, a rotation is often described by the angular velocity w, a vector whose direction indicates the
axis of rotation and whose length gives the angular speed. It is very useful to understand the relation
between R(t) and w. To do this, define the matrix

W =R'R, (6.49)

where the dot denotes the time derivative and observe, by differentiating Eq. (6.47) with respect to time,
that

R'TR+RT'R=0. (6.50)
=W —WwT

Hence, W is an anti-symmetric matrix and can be written in the form

0 —ws w9
W = w3 0 —W1 or Wij = €ikjWk - (6.51)
—Ww?2 w1 0

The three independent entries w; of this matrix define the angular velocity w = (w1, w2, wg)T. To see that
this makes sense consider the example (6.48) and work out the matrix W.

cos(wt) sin(wt) 0 —sin(wt) —cos(wt) 0 0 —w 0
W =w| —sin(wt) cos(wt) 0 cos(wt) —sin(wt) 0 | = w 0 0 (6.52)
0 0 1 0 0 0 0 0 O

Comparison with the general form (6.51) of W then shows that the angular velocity for this case is given
by w = (0,0,w), indicating a rotation with angular speed w around the z-axis, as expected.

In Example 3.8 we have seen that the multiplication of an anti-symmetric 3 x 3 matrix with a vector
can be written as a cross-product, so that

Wb=wxb (6.53)
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for any vector b = (by, ba, b3)”. This can also be directly verified using the matrix form of W together with
the definition (2.17) of the cross product or, more elegantly, by the index calculation Wj;b; = ejpjwib; =
(wxb);, using the index form (2.29) of the cross product. This relation can be used to re-write expressions
involving W in terms of the angular velocity w.

For a simple application of this formalism, consider an object moving with velocity y relative to
the rotating system. What is its velocity relative to the stationary coordinate system? Differentiating
Eq. (6.46) gives

Xx=Ry+Ry=R(y+Wy)=R(y+wxy). (6.54)

The velocity x in the stationary system has, therefore, two contribution, namely the velocity y relative to
the rotating system and the velocity w X y due to the rotation itself.

We now turn to the complex case. In this case, from Eq. (6.35), (complex) matrices A describing unitary
maps relative to an ortho-normal basis are characterized by the three equivalent conditions

ATA=1 — A=A —= (AYA =g;. (6.55)

Matrices satisfying these conditions are called unitary. As for orthogonal matrices, checking whether a
given matrix is unitary is usually easiest accomplished using the condition on the LHS. The condition in
the middle states that the inverse of a unitary matrix is simply its hermitian conjugate and the condition
on the RHS says that the column vectors of a unitary matrix form an ortho-normal basis under the
standard hermitian scalar product on C". Unitary matrices are precisely those matrices which leave the
standard hermitian scalar product invariant, explicitly

ATA=1, +— (Av)/(Aw)=vlw forall v,weC". (6.56)

The set of all n x n unitary matrices is denoted by U(n). Orthogonal matrices (being real) also satisfy
the condition for unitary matrices so O(n) C U(n). For the determinant of unitary matrices we conclude
that 1 = det(1) = det(ATA) = det(A)*det(A) = |det(A)|>. Hence, the determinant of unitary matrices
has complex modulus 1, so

|det(A)] =1. (6.57)

The unitary matrices U with det(U) = 1 are called special unitary matrices, and the set of these matrices
is denoted by SU(n). Clearly, rotations are also special unitary so SO(n) C SU(n). For an arbitrary
unitary n X n matrix A we can always find a complex phase ¢ such that (" = det(A). Then, the matrix
U = ("'A is special unitary since det(U) = det(("'A4) = (""det(A) = 1. This means every unitary
matrix A can be written as a product

A=CU (6.58)

of a special unitary matrix U and a complex phase (.

Example 6.8: Special unitary matrices in two dimensions

We can find all two-dimensional special unitary matrices by using the same method as for two-dimensional
rotations. We start with an arbitrary complex 2 X 2 matrix

v 4
where a, f3, 7, § are complex numbers and impose the conditions UTU = 15 and det(U) = 1. After a
short calculation we find that every two-dimensional special unitary matrix can be written in terms of
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two complex numbers «, 3 as

U= < _Oé* f > where |af* + |8 =1. (6.59)
This shows that two-dimensional special unitary matrices depend on two complex parameters «, 8 subject
to the (real) constraint |a|?> + |8|> = 1 and, hence, on three real parameters. Inserting the special
choice a@ = cosf, f = —sinf into (6.59) we recover the two-dimensional rotation matrices (6.7), so that
SO(2) € SU(2), as expected from our general discussion.

The general study of orthogonal and unitary matrices is part of the theory of Lie groups, a more advanced
mathematical discipline which is beyond the scope of this introductory text.

Orthogonal and unitary matrices have numerous applications in physics which we would like to illus-
trate with an example from classical mechanics.

Application: Newton’s law in a rotating system

Newton’s law for the motion x = x(¢) of a mass point with mass m under the influence of a force F reads
mx =F, (6.60)

where the dot denotes the derivative with respect to time . We would like to work out the form this law
takes if we transform it to rotating coordinates y, related to the original, non-rotating coordinates x by

x = R(t)y . (6.61)
Here R(t) is a (generally time-dependent) rotation, that is, a 3 x 3 matrix satisfying
RTR(t) = 13 (6.62)

for all times t. For example, such a version of Newton’s law is relevant to describing mechanics on earth.
To re-write Eq. (6.60) in terms of y we first multiply both sides with R” = R~! so that

mRT%x = Fp , (6.63)

with Fr := RTF the force in the rotating coordinate system. If the rotation matrix is time-independent
it can be pulled through the time derivatives on the LHS of Eq. (6.63) and we get my = Fg. This simply
says that Newton’s law keeps the same form in any rotated (but not rotating!) coordinate system.

If R is time-dependent so that the system with coordinates y is indeed rotating relative to the coor-
dinate system x we have to be more careful. Taking two time derivatives of Eq. (6.61) gives

x=Ry+ Ry, %x=Ry+2Ry+Ry. (6.64)
Using the second of these equations to replace X in Eq. (6.63) leads to
my =Fr —2mRT Ry — mRT Ry . (6.65)

Compared to Newton’s equation in the standard form (6.60) we have acquired the two additiqnal terms on
the RHS which we should work out further. From Eq. (6.49), recall the definition W = RT R and further
note that W = RTR+ RTR=RT"R+ (RTR)(RTR) = RTR — W?, so that

RTR=W4+W?2. (6.66)
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With these results we can re-write Newton’s equation (6.65) as
my =Fg — 2mWy — mW2y — mWy . (6.67)

Also, recall that the matrix W is anti-symmetric, encodes the angular velocity w, as in Eq. (6.51) and its
action on vectors can be re-written as a cross product with the angular velocity w (see Eq. (6.53)). Then,
Newton’s equation (6.67) in a rotating system can be written in its final form

my =Fg—2mw Xy —mw X (wxy)—2mwxy . (6.68)
Coriolis force centriﬁ;gral force Euler force

The three terms on the RHS represent the additional forces a mass point experiences in a rotating system.
The centrifugal force is well-known. The Coriolis force is proportional to the velocity, y, and, hence,
vanishes for mass points which rest in the rotating frame. It is, for example, responsible for the rotation
of a Faucault pendulum. Finally, the Euler force is proportional to the angular acceleration, w. For the
earth’s rotation, w is approximately constant so the Euler force is quite small in this case.

6.5 Dual vector space

We have seen in Lemma 3.2 that the linear maps f : V — W, between two vector spaces V and W over
F, form a vector space themselves. An important special case is the set of all linear maps ¢ : V. — F|
where we consider the field F as a (trivial, one-dimensional) vector space. Such linear maps are also called
linear functionals and the set of all linear functionals is called the dual vector space V* of V.

Definition 6.6. For a vector space V over F the dual vector space V* is the set of all linear maps V —
F (where F is seen as a one-dimensional vector space.) The elements of V* are called linear functionals.

Example 6.9: Examples of linear functionals
(a) For V.=R" and a fixed vector w € V' we can define ¢y, € (R™)* by
ow(V)=wlveR. (6.69)

It is clear that @y is a linear functional. Indeed all linear functionals in (R™)* are of this form. To see
this, start with an arbitrary ¢ € (R™)* and define the vector w with components w; = ¢(e;). Then

p(v)=¢ <Z Uiei> = Z%‘ﬁp(ez’) = wai =wlv=pw(v). (6.70)

Hence, ¢ = ¢y and we have written an arbitrary functional in the form (6.69). This result means we can
think of the functionals on R" as n-dimensional row vectors.

(b) For the vector space of continuous functions A : [a,b] — R the integral

b
I(h) = / da h(z) (6.71)
a
is a linear functional. Another interesting functional on the same vector space is
Oz () := h(z0) , (6.72)

where z( € [a, b] is a fixed point. In the physics literature this functional is also called Dirac delta function.
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We know that a linear map f : V — W, with n = dim(V) and m = dim W, is described by an m x n
matrix relative to a choice of basis on V and W. For W = F| we have m = dim(W) = dim(F') = 1, so
relative to a basis on V, linear functionals are described by 1 x n matrices, that is, by row vectors. So,
for a choice of basis, we can think of the vector space V as consisting of column vectors and its dual V*
as consisting of row vectors. To make this more precise we prove the following

Theorem 6.2. For a basis €1, ..., €, of V there is a basis €., ..., €" of V*, called the dual basis, such that

e.(ej) =0, . (6.73)
In particular, dim(V*) = dim(V).

Proof. Recall from Example 3.4, that we can define a coordinate map () = Y, a’e; which assigns to a

coordinate vector a = (a!,...,a™)T the corresponding vector, relative to the chosen basis €;. We define

€.(v)=el v (v), (6.74)
and claim that this provides the correct dual basis. First we check

€le;)=e’ P e) =elel = &7 . (6.75)

(2

To verify that the €. form a basis we first check linear independence. Applying o Bi€l = 0 to €; and
using Eq. (6.75) shows immediately that §; = 0, so that the €, are indeed linearly independent. To see
that they span V* start with an arbitrary functional ¢ € V* and a vector v =), v'e;. Then

p(v)=¢ (Z ’Ui€i> = Zvi gp\(&l = ngivi = Z pi€l(v) . (6.76)
i i i

This means ¢ = Y. ;€% so that we have written an arbitrary functional ¢ as a linear combination of the
€. O

To summarize the discussion, for a basis {€;} and its dual basis {€.} we can write vectors and dual
vectors as in the following table.

‘ vectors in V' ‘ dual vectors in V'* ‘

vectors | v = v'g; © = pjé€l (6.77)
7 (10‘7

coordinates )

You have probably noticed that we have quietly refined our index convention. Vector space basis elements
have lower indices and their coordinates have upper indices while the situation is reversed for dual vectors.
For one, this allows us to decide the origin of coordinate vectors simply by the position of their index -
for an upper index, v*, we refer to vectors and for a lower index, ¢; to dual vectors. From Eq. (6.73), the
action of dual vectors on vectors can be written as

p(v) = o’ €le)) = i’ (6.78)
=%

S0, as a simple summation over their indices, also referred to as contraction. Note that this corresponds to
a refined Einstein summation convention where the same lower and upper index are being summed over.
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From here it is only a few steps to defining tensors. For the curious, a basic introduction into tensors can
be found in Appendix C.

Finally, we would like to have a look at the relation of dual vector spaces and scalar products. In fact,
for reasons which will become clear, we keep the discussion slightly more general and consider symmetric
bi-linear forms with an additional property:

Definition 6.7. A symmetric bi-linear form (-, -) on a (real) vector space V is called non-degenerate if
(v,w) =0 for all w € V implies that v = 0.

Note that a real scalar product is non-degenerate since already (v, v) = 0 implies that v = 0. Intuitively,
non-degeneracy demands that there is no vector which is orthogonal to all other vectors. It turns out that
a non-degenerate symmetric bi-linear form allows for a “natural” identification of a vector space and its
dual. This is the content of the following

Lemma 6.6. Let V be a real vector space with a symmetric bi-linear form (-, -) and define the map
1: V= V* bya(v)(w) = (v,w). Then we have

(-, -) non-degenerate <= 1 is an isomorphism . (6.79)

Proof. The map 2 is certainly linear, given the linearity of the bi-linear form in the first argument. Since
dim(V) = dim(V*) and from Claim 3.1, ¢ is bijective precisely when Ker(z) = {0}. This is the same as
saying that «(v)(w) = (v,w) = 0 for all w implies that v = 0 which is indeed precisely the definition of
non-degeneracy. O

It is useful to work this out in a basis {€;} of V with dual basis {€.} of V*. To do this we first introduce
the symmetric matrix g, also called the metric tensor or metric in short, with entries

9ij = <€i7€j> . (680)

We would like to work out the matrix which represents the map 2 relative to our basis choice. This means
we should look at the images of the basis vectors, so u(€;)(€;) = (€, €;) = gij = gri€(€;). Stripping off
the basis vector €; we have

&) = gji€l (6.81)
and, by comparison with Eq. (3.80), we learn that : is represented by the metric g. If the bi-linear form
is non-degenerate, so that ¢ is bijective, then ¢ is invertible. The components of ¢g~! are usually denoted
by ¢/, so that

9 g1 = oy, . (6.82)
In the physics literature it is common to use the same symbol for the components of a vector and the dual
vector, related under 2. So if v =Y. v'¢; then we write 1(v) = >, v;€L. Since g represents 1 this means

V; = gij’l)j y Ui = gijvj . (683)

Physicists refer to these equations by saying that we can “lower and raise indices” with the metric g;; and
its inverse g%/. Mathematically, they are simply a component version of the isomorphism 2 between V' and
V* which is induced from the non-degenerate bi-linear form. With this notation, the bi-linear form on
two vector v.=>_.v'e and w = > w’€;j can be written as

(v,w) = gijv'w’ = v'w; = vjw! . (6.84)

Application: Minkowski product in R*
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The Minkowski product has already been introduced in Example 6.1 (c). For two four-vectors v,w € R*
and n = diag(—1,1,1,1) the symmetric bi-linear form is defined by

(v,w) =vinw. (6.85)

It is customary in this context to label coordinates by Greek indices as u,v,... = 0,1,2,3. The metric
tensor with respect to the basis of standard unit vectors in R?, €, =€, is

Guv = <eua eu> = egneu =N (6.86)

so is simply given by 7. Since 7 is invertible this also shows, from Lemma 6.6, that the Minkowski product
is non-degenerate. From Eq. (6.83) lowering and raising of indices then takes the form

vy = N’ vt =nt, (6.87)
and, from Eq. (6.84), the Minkowski product can be written as
vinw = nuurw” = vtw, = v’ (6.88)

All these equations are part of the standard covariant formulation of special relativity.
We can go one step further and ask about the linear transformations A : R* — R?* which leave the
Minkowski product invariant, that is, which satisfy

(Av,Aw) = (v,w) <= ATpA=n <= AN o0 =N - (6.89)

Note that these linear transformations, which are referred to as Lorentz transformations, relate to the
Minkowski product in the same way that orthogonal linear maps relate to the standard scalar product on
R™ (see Section 6.4). In Special Relativity the linear transformation

Xx = x =Ax <= -2 =A2" (6.90)

generated by A is interpreted as a transformation from one inertial system with space-time coordinates
T

x = (t,,y,2)" to another one with space-time coordinates x' = (¢, ', v/, 2')T.
Lorentz transformations have a number of interesting properties which follow immediately from their
definition (6.89). Taking the determinant of the middle equation (6.89) and using standard properties of
the determinant implies that (det(A))? = 1 so that

det(A) = +1 (6.91)
Further, the p = ¢ = 0 component of the last Eq. (6.89) reads —(A%)2 + 327, (A%)? = —1 so that
A% >1 or A%< 1. (6.92)

Combining the two sign ambiguities in Eqgs. (6.91) and (6.92) we see that there are four types of Lorentz
transformations. The sign ambiguity in the determinant is analogous to what we have seen for orthogonal
matrices and its interpretation is similar to the orthogonal case. Lorentz transformation with determinant
1 are called “proper” Lorentz transformations while Lorentz transformations with determinant —1 can be
seen as a combination of a proper Lorentz transformation and a reflection. More specifically, consider the
special Lorentz transformation P = diag(1,—1,—1, —1) (note that this matrix indeed satisfies Eq. (6.89))
which is also referred to as “parity”. Then every Lorentz transformation A can be written as

A=PA,, (6.93)
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where A, is a proper Lorentz transformation. The sign ambiguity (6.92) in A% is new but has an obvious
physical interpretation. Under a Lorentz transformations A with A%, > 1 the sign of the time component
2% = t of a vector x remains unchanged, so that the direction of time is unchanged. Correspondingly,
such Lorentz transformation with positive A%, are called “ortho-chronous”. On the other hand, Lorentz
transformations A with A% < —1 change the direction of time. If we introduce the special Lorentz
transformation 7' = diag(—1, 1,1, 1), also referred to as “time reversal”, then every Lorentz transformation
A can be written as

A=TA", (6.94)

where AT is an ortho-chronous Lorentz transformation. Combining the above discussion, we see that every
Lorentz transformation A can be written in one of four ways, namely

Al for det(A)=1 and A’ >1
0 _ 0~
A~ PAJFT for det(A) 1 and AUO >1 7 (6.95)
PTA, for det(A)=1 and Ag° < -1
TATF for det(A)=—1 and A’ < -1

where Al is a proper, ortho-chronous Lorentz transformation. The Lorentz transformations normally
used in Special Relativity are the proper, ortho-chronous Lorentz transformations. However, the other
Lorentz transformations are relevant as well and it is an important question as to whether they constitute
symmetries of nature in the same way that proper, ortho-chronous Lorentz transformations do. More to
the point, the question is whether nature respects parity P and time-reversal T

What do proper, ortho-chronous Lorentz transformations look like explicitly? To answer this question we
basically have to solve Eq. (6.89) which is clearly difficult to do in full generality. However, some special
Lorentz transformations are more easily obtained. First, we note that matrices of the type

A:<(1) g) (6.96)

where R is a three-dimensional rotation matrix are proper, ortho-chronous Lorentz transformations. In-
deed, such matrices satisfy Eq. (6.89) by virtue of RT R = 13 and we have det(A) = det(R) = 1 and
A% = 1. In other words, regular three-dimensional rotations in the spatial directions are proper, ortho-
chronous Lorentz transformations.

To find less trivial examples we start with the Ansatz

A:<A02 ]?2>, AQZ(ﬁ Z) (6.97)

of a two-dimensional Lorentz transformation which affects time and the z-coordinate, but leaves y and z
unchanged. Inserting this Ansatz into Eq. (6.89) and, in addition, requiring that det(Ay) = 1 for proper
Lorentz transformations, leads to

ad—-*=1, &®-v*=1, ab—cd=0, ad—cb=1. (6.98)

Also demanding A% = a > 1, so that A is ortho-chronous, this set of equations is solved by a = cosh(¢)
and b = sinh(§) for a real number £. Hence, our two-dimensional Lorentz transformation can be written

as
cosh(&) sinh(§)

A2(6) = ( sinh(¢) cosh(¢) > ' (6.99)

112



Note the close analogy of this form with two-dimensional rotations in Example 6.7 (a). The quantity £ is
also called “rapidity”. It follows from the addition theorems for hyperbolic functions that A(&1)A(&) =
A(& + &), so rapidities add up in the same way that two-dimensional rotation angles do. For a more
common parametrisation introduce the parameter 8 = tanh(§) € [—1,1] so that

1
—— =7,
V1 — 32
In terms of 5 and - the two-dimensional Lorentz transformations can then be written in the more familiar

form
Ay = < 577 53) . (6.101)

Here, (3 is interpreted as the relative speed of the two inertial systems (in units of the speed of light).

cosh(&) = sinh(§) = B . (6.100)

7 Eigenvectors and eigenvalues

In Section 3, we have seen that a linear map f : V — V is represented by a matrix A, relative to a choice
of basis on V. For a different basis, the same linear map is represented by another matrix A’ related to
A by the basis transformation A’ = PAP~!. This suggests an obvious problem. How can we find a basis
for which the representing matrix of the linear map is particularly simply, for example diagonal? As we
will see, eigenvectors and eigenvalues are the key to solving this problem. Eigenvectors and eigenvalues
have numerous applications in mathematics and physics some of which will be discussed towards the end
of the section.

7.1 Basic ideas

Recall from Eq. (3.80) that the matrix representing a linear map is computed by writing the images of the
basis vectors as linear combinations of the basis, with the coefficients from each image forming a column
of the matrix. Suppose that the image of a basis vector v is simply a multiple of itself, so f(v) = Av for
some number A. In this case, the corresponding column of the representing matrix only has one non-zero
entry, A, in the diagonal. Hence, for such basis vectors, the representing matrix becomes simple. This
observation motivates the following

Definition 7.1. For a linear map f:V — V on a vector space V over F the number A € F is called an
eigenvalue of f if there is a non-zero vector v such that

f(v)=Av. (7.1)
In this case, v is called an eigenvector of f with eigenvalue .

In short, an eigenvector is a vector which is just “scaled” by the action of a linear map.
How can we find eigenvalues and eigenvectors of a linear map? To discuss this we first introduce the
idea of eigenspaces. The eigenspace for A € F' is defined by

Eigs()) := Ker(f — Aidy) , (7.2)

and, hence, from Eq. (7.1) it “collects” all eigenvectors for A. Being the kernel of a linear map, an
eigenspace is of course a sub vector space of V. Evidently, A is an eigenvalue of f precisely when
dim Eig;(A) > 0. If dimEig;(\) = 1 the eigenvalue A is called non-degenerate (up to re-scaling there
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is only one eigenvector for \) and if dim Eigf()\) > 1 the eigenvalue A is called degenerate (there are at
least two linearly independent eigenvectors for A).

We see that A is an eigenvalue of f precisely when Ker(f — Aidy ) is non-trivial. From Lemma 3.1 this
is the same as saying that f — Aidy is not invertible which is equivalent to det(f — Aidy) = 0, using
Lemma 5.1. So in summary

A eigenvalue of f <= Ker(f — Aidy) # {0} <= det(f —Aidy) =0. (7.3)

This leads to an explicit method to calculate eigenvalues and eigenvectors which we develop in the next
sub-section.

7.2 Characteristic polynomial

Definition 7.2. The characteristic polynomial of a linear map f :V — V is defined by
Xf(A) :=det(f — Aidy) . (7.4)

For an n-dimensional vector space V' the characteristic polynomials y f(A) is a polynomial of order n in A
whose coefficients depend on f. Clearly, from Eq. (7.3), the eigenvalues of f are precisely the zeros of its
characteristic polynomial. So schematically, eigenvalues and eigenvectors of f can be computed as follows.

1. Compute the characteristic polynomial x f(A) = det(f — Aidy) of f.
2. Find the zeros, A, of the characteristic polynomial. They are the eigenvalues of f.

3. For each eigenvalue A compute the eigenspace Eig,(A\) = Ker(f — Aidy) by finding all vectors v
which solve the equation

(f = Mdy)(v) = 0. (7.5)

Example 7.1: Computing eigenvalues and eigenvectors

For V = R3, we would like to compute the eigenvalues and eigenvectors of the matrix

1 -1 0
A= -1 2 -1 |. (7.6)
0 -1 1

The characteristic polynomial is

xaN) =det| -1 2-x -1 |=xA-1D(\-3), (7.7)

so we have three eigenvalues A\; = 0, A\ = 1 and A\3 = 3. Writing v = (z,y,2)?, we compute the
eigenvectors for each of these eigenvalues in turn.

A =0:
1 -1 0 T T —y '
(A-0Lv=| -1 2 -1 y | = 2+2y—2 | =0 <= zx=y==2
0 -1 1 z —y+z
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Hence, up to scaling, there is only one eigenvector so the eigenvalue is non-degenerate. Normalizing the
eigenvector with respect to the dot product gives

L
Vi — —
A =1
0 -1 0 x —y '
A-1l)v=| -1 1 -1 y |=| z4+y—-2 | =0 <= y=0, z=—2
0 -1 0 z —y

Again, the eigenvalue is non-degenerate and the normalized eigenvector is

1 -1
v il
A3 = 3:
-2 -1 0 x —2x —y '
(A-3L)v=| -1 -1 -1 y |=| z—-y—2 | =0 <= y=-2z, z==x
0 -1 -2 z -y — 2z

The eigenvalue is non-degenerate and the normalized eigenvector is

1
V3 = — -2

VB

Some general properties of the characteristic polynomial are given in the following

Lemma 7.1. (Properties of characteristic polynomial) The characteristic polynomial x 4(A) = cp A" +
Cn i A" Lo e A+ ¢ of an n x n matriz A has the following properties:

(i) Xpap-1 = XA, S0 the characteristic polynomial is basis-independent.
(ii) The coefficients ¢; of the characteristic polynomial are basis-independent.

(iii) ¢ = (—1)", cpeg = (=1)" 30 | Ay, co = det(A).

Proof. (i) xpap-1(\) = det(PAP™! — A1) = det(P(A — AM)P~1) = det(A — A1) = xa(\).

(ii) This is a direct consequence of (i).

(iii) First, it is clear that ¢y = xa(0) = det(A). The expressions for the other two coefficients follow by
carefully thinking about the order in A of the terms in det(A — A1), by using the general expression (5.11)
for the determinant. Terms of order A\ and A\"~! only receive contributions from the product of the
diagonal elements, so that

n

xa(N) = [J(Ai = X) + O\ 2) = (=1)"A" + (-1)" ! (Zn: Aii> AL O
=1

i=1
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The above Lemma shows that the constant term in the characteristic polynomial equals det(A) and that
this is basis-independent. Of course, we have already shown the basis-independence of the determinant in
Section (5.2). However, we do gain some new insight from the basis-independence of the coefficient ¢,_1
in the characteristic polynomial. We define the trace of a matrix A by

tr(A) = ZH:A“ , (78)
=1

that is, by the sum of its diagonal entries. Since ¢, 1 = (—1)""!tr(A) it follows that the trace is basis-
independent. This can also be seen more directly. First, note that

tI‘(AB) = Z Aiiji = Z BjiAij = tI‘(BA) , (79)
2 2%
so matrices inside a trace can be commuted without changing the value of the trace. Hence,

tr(PAP™!) = tr((PA)P™!) = tr(P1(PA)) = tr(A) , (7.10)

and we have another proof for the basis-independence of the trace.

7.3 Diagonalization of matrices

We now come back to our original question. How can we find a basis in which a linear map or a matrix
has a particularly simply form, preferably diagonal? To be precise we start with

Definition 7.3. We say a linear map f:V — V can be diagonalised if there exist a basis of V such that
the matriz which describes f relative to this basis is diagonal.

Further, we say an n X n matriz A with entries in F' can be diagonalized if there is an invertible n X n
matriz P with entries in F such that A := P~YAP is diagonal.

The key statement relating eigenvectors and eigenvalues to diagonalization of a linear map is

Lemma 7.2. A linear map f : V. — V can be diagonalised iff there exists a basis of V' consisting of
eigenvectors of f. Relative to such a basis of eigenvectors, [ is described by a diagonal matrix with the
etgenvalues along the diagonal.

Proof. The entries of the matrix A which describes f relative to a basis vy, ..., v, of V are obtained from
f(vj) = >, Aijvi, see the discussion around Eq. (3.80). From this equation, if A = diag(A,...,\y) is
diagonal, then f(v;) = A;v; and the basis vectors v; are eigenvectors with eigenvalues \;. Conversely, if
f has a basis vi,...,v, of eigenvectors with eigenvalues \;, then, from the eigenvalue equation (7.1), we
have f(v;) = A\;v; and, hence, the matrix describing f relative to this basis is A = diag(\1,...,A,). O

The analogous statement for matrices is

Lemma 7.3. The nxn matriz A with entries in F' can be diagonalized iff A has n eigenvectors vyi,..., vy,
which form a basis of F™. In this case, if we define the matriz

P=(vi,...,vp) (7.11)
whose columns are the eigenvectors of A it follows that
P1AP = diag(\1,..., \n) (7.12)

where \; are the eigenvalues for v;.
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Proof. “<”: We assume that we have a basis vy,...,v, of eigenvectors with eigenvalues \; so that
Av; = A\jv;. Define the matrix P = (vy,...,v,) whose columns are the eigenvectors of A. Since the
eigenvectors form a basis of F™ the matrix P is invertible. Then

PlAP = P_IA(vl, cey V) = P_I(Avl, o Avy) = P_l()\lvl, ces A Vi)
=P Y(vy,...,vp)diag(Ay, ..., \y) = diag(Ag, ..., An) -
—_—
=P
“=7”. Assume that A can be diagonalized, so we have an invertible matrix P with P~1AP = A =

diag(A1,...,An). Denote the column vectors of P by v; so that Pe; = v;. Since P is invertible these
column vectors form a basis of F™. Then

Aei = )\iei — P_lA Pe; = )\iei — AVi = )\ivi s
~—~
=Vv;
and, hence, vy, ...,Vv, is a basis of eigenvectors of A. O

The requirement which is easily overlooked in the previous lemmas is that we are asking for a basis of
eigenvectors. Once we have found all the eigenvectors of a linear map they might or might not form a
basis of the underlying vector space. Only when they do can the linear map be diagonalized.

If a matrix A can be diagonalized, with eigenvalues A1, ..., \,, so that P~'AP = diag(\,...,\n), then
the basis-independence of the determinant and the trace implies that

n

det(A) =[x,  tr(4) = zn: Ai s (7.13)
=1

i=1

S0, in this case, the determinant is the product of the eigenvalues and the trace is their sum.

Example 7.2: Diagonalizing matrices

(a) We begin with the matrix (7.6) from our previous Example 7.1. We have already determined its eigen-
values and eigenvectors and the latter clearly form a basis of R?. Hence, this matrix can be diagonalized
and the matrix

1 1 1
2

pP— e 10 | (7.14)
Viov2 Ve

contains the three eigenvectors vy, vy, v3 from Example 7.1 as its columns. Note that these three columns
form an ortho-normal system with respect to the dot product so the above matrix P is orthogonal. This
means that its inverse is easily computed from P~! = PT. With the matrix A from Eq. (7.6) it can then
be checked explicitly that

PTAP = diag(0,1,3) .

Note that the eigenvalues of A appear on the diagonal. It is not an accident that the eigenvectors of A
are pairwise orthogonal and, as we will see shortly, this is related to A being a symmetric matrix.

(b) Consider the 2 x 2 matrix
0 1
+=(00)
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whose characteristic polynomial is

- - 1Y) o
XA()\)—det< 0 _)\>—>\.

Hence, there is only one eigenvalue, A = 0. The associated eigenvectors are found by solving

(50)(5)=(3)0 = v

so the eigenvalue is non-degenerate with eigenvectors proportional to (1,0)7. This amounts to only one
eigenvector (up to re-scaling) so this matrix does not have a basis of eigenvectors (which requires two
linearly independent vectors in R?) and cannot be diagonalized.

=()

(¢) Our next example is for the matrix

with characteristic polynomial

At this point we have to be a bit more specific about the underlying vector space. If the vector space is
R?, we have to work with real numbers and there are no eigenvalues since the characteristic polynomial
has no real zeros. Hence, in this case, the matrix cannot be diagonalized. On the other hand, for C? and
complex scalars, there are two eigenvalues, Ax = +i. The corresponding eigenvectors v = (z,y)? are:

)\Jr:i
, e | x\ _ [ —ir+ty ) .
(A—zllg)v-(_l —z')(y)_(—x—iy)_o = y=ix.

The eigenvalue is non-degenerate and, as in Example (7.1) it is useful to normalize the eigenvector.
However, since we are working over the complex numbers, we should be using the standard hermitian
scalar product and demand that viv = 1. Then

()

ariv={( ;) (0)=(E ) e = =i,

Again, this eigenvalue is non-degenerate with corresponding normalized eigenvector

1 1
Vi = \/§ i .
The diagonalizing basis transformation is
1 1 1
P_(V+7V—)_\/§<i —i)’

and its column vectors form an ortho-normal system (under the standard hermitian scalar product on
C?). Therefore, P is a unitary matrix and P~! = PT. Again, the orthogonality of the eigenvectors is not
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an accident and is related to the matrix A being anti-symmetric. To check these results we verify that
indeed
PTAP = diag(i, —1) .

(d) Finally, we consider the hermitian matrix

1 2
A_<—2@' 1)

XA(A):det( 1__2? 12_iA > =(A=3)(A+1).

with characteristic polynomial

Hence, the eigenvalues are Ay = 3 and Ay = —1.

AL=3
-2 2 T\ ! ,
(A—SILg)V-(_% —2><y>_0 = r=1y.

The eigenvalue is non-degenerate and the corresponding eigenvector can be chosen as

a-h(1)

so that it is properly normalized with respect to the C? standard scalar product, VJ{V1 =1

Ay =—1
2 2%\ [z ey
(A+]13)V—<_2i 2)(3/)_0 = r=—iy.
T

This eigenvalue is also non-degenerate and the normalized eigenvector, satisfying v,vo = 1, can be chosen

v 5(1)

Note also that the two eigenvectors are orthogonal, VJ{VQ = 0. Consequently, the diagonalizing matrix

vem= (1 1)

is unitary, UTU = 1, and it is straightforward to verify that indeed UTAU = diag(3,1).

While Lemma 7.3 provides a general criterion for a matrix to be diagonalizable it requires calculation
of all the eigenvectors and checking whether they form a basis. It would be helpful to have a simpler
condition, at least for some classes of matrices, which can simply be “read off” from the matrix. To this
end we prove

Theorem 7.1. Let V be a vector space over R (C) with real (hermitian) scalar product (-,-). If f: V =V
is self-adjoint then

(i) All eigenvalues of f are real.
(ii) Eigenvectors for different eigenvalues are orthogonal.
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Proof. (i) For the real case, the first part of the statement is of course trivial. For the complex case, we
start with an eigenvector v # 0 of f with corresponding eigenvalue A, so that f(v) = Av. Then

AMv,v) = (v, Av) = (v, f(v)) = (f(v), V) = AV, v) = A" (v,v) .

In the third step we have used the fact that f is self-adjoint and can, hence, be moved from one argument
of the scalar product into the other. Since v # 0 and, hence, (v,v) # 0 it follows that A = \*, so the
eigenvalue is real.

(ii) Consider two eigenvectors vy, va, so that f(vi) = A\jvy and f(va) = Aava, with different eigenvalues,

A1 # Az. Then

(A1 = A2)(v1, v2) = (A1vi, v2) — (v, Aava) = (f(v1), va) — (v1, f(v2)) = (v1, f(v2)) — (v1, f(v2)) = 0.
Since A; — A2 # 0 this means (vi,vg) = 0 and the two eigenvectors are orthogonal. O

Theorem 7.2. Let V' be a vector space over C with hermitian scalar product (-,-). If f : V. — V is
self-adjoint it has an ortho-normal basis, €1,..., €, of eigenvectors.

Proof. The proof is by induction in n, the dimension of the vector space V. For n = 1 the assertion is
trivial. Assume that it is true for all dimensions k& < n. We would like to show that it is true for dimension
n. The characteristic polynomial x; of f has at least one zero, A, over the complex numbers. Since f is
self-adjoint, A is real from the previous theorem. Consider the eigenspace W = Eig;(\). Since A is an
eigenvalue, dim(W) > 0. Vectors v € W+ and w € W are perpendicular, (w,v) = 0, so

(w, f(v)) = (f(W),v) = Aw,v) = M(w,v) = 0.

This means that f(v) is perpendicular to w so that, whenever v € W+, then also f(v) € W=. As a result,
W+ is invariant under f and we can restrict f to W, that is, consider g = f lywo. Since dim W+ < n, there
is an ortho-normal basis €1, ..., €, of W+ consisting of eigenvectors of g (which are also eigenvectors of f)
by the induction assumption. Add to this ortho-normal basis of W+ an ortho-normal basis of W (which,
by definition of W, consists of eigenvectors of f with eigenvalue \). Since dim(W) + dim(W+L) = n
(see Lemma 6.3) and pairwise orthogonal vector are linearly independent this list of vectors forms an
ortho-normal basis of V', consisting of eigenvectors of f. O

In summary, these results mean that every real symmetric (hermitian) matrix can be diagonalized, has

an ortho-normal basis €1, ..., €, of eigenvectors with corresponding real eigenvalues Ai,...,\, and the
diagonalizing matrix P = (€, ..., €,) is orthogonal (unitary), such that
PTAP = diag(\1, ..., \n) - (7.15)

How can this ortho-normal basis of eigenvectors be found? First, the eigenvalues and eigenvectors have to
be computed in the usual way, as outlined above. From Theorem 7.1 eigenvectors for different eigenvalues
are orthogonal so if all eigenvalues are non-degenerate then the eigenvectors will be automatically pairwise
orthogonal. What remains to be done in order to obtain an ortho-normal system is simply to normalize
the eigenvectors. This is what has happened in Example 7.1 (and its continuation, Example 7.2 (a)) where
all eigenvalues were indeed non-degenerate.

The situation is slightly more involved in the presence of degenerate eigenvalues. Of course eigenvectors
for different eigenvalues are still automatically orthogonal. However, for a degenerate eigenvalue we have
two or more linearly independent eigenvectors which are not guaranteed to be orthogonal. The point is
that we can choose such eigenvectors to be orthogonal. To see how this works it is useful to think about
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the eigenspaces, Eig4(\), of the hermitian matrix A. Eigenspaces for different eigenvalues are of course
orthogonal to one another (meaning that all vectors of one eigenspace are orthogonal to all vectors of
the other), as a consequence of Theorem 7.1. For each eigenspace, we can find a basis of eigenvectors
and, applying the Gram-Schmidt procedure to this basis, we can convert this into an ortho-normal basis.
If the eigenvector is non-degenerate, so that dim Eig4(A) = 1, this simply means normalizing the single
basis vectors. For degenerate eigenvalues, when dim Eig 4(\) > 1, we have to follow the full Gram-Schmidt
procedure as explained in Section 6.2. Combining the ortho-normal sets of basis vectors for each eigenspace
into one list then gives the full basis of ortho-normal eigenvectors. To see how this works explicitly let us
discuss a more complicated example with a degenerate eigenvalue.

Example 7.3: Diagonalizing with degenerate eigenvalues

In R3, we consider the matrix

. 2 3v2 3V2
A== 3v/2 -1 3
3vV2 3 -1

with characteristic polynomial

1 3 3
2 A 23 23
xa(\) = det 2 -31-X 3 = - M43 +2=2-N1+))>.
_3_ 3 _1_ 5
2v/2 4 4
Hence, there are two eigenvalues, A\; = 2 and Ay = —1. For the eigenvectors v = (x,y,2)? we find:
A= 2
2 V2 V2 T —22 + 2y + V22
3 3 | T
(A-213)v=-1| v2 -3 1 y | =~ V2r — 3y + 2 =0 = y=z=-——.
4 4 V2
V2 1 -3 2 V2r +y—3z

Hence, this eigenvalue is non-degenerate and a suitable normalized eigenvector is

L V2
€1 = — 1
1

A= —1:

3 2 \/5 \/§ T 3 23:—1—\631—1-\@,2 '
(A+]lg)v:1 V2 o1 1 Y :1 ﬂx—i—y—i—z =0 = z:—\/ia:—y.
V2 o1 1 z \/§x+y+z

Since we have found only one condition on x, y, z there are two linearly independent eigenvectors, so
this eigenvalue has degeneracy 2. Obvious choices for the two eigenvectors are obtained by setting x = 1,
y=0and x =0,y =1, so
1 0
vy = 0 , vy = 1

—V/2 -1

Both of these vectors are orthogonal to €; above, as they must be, but they are not orthogonal to one
another. However, they do form a basis of the two-dimensional eigenspace Eig,(—1) = Span(va,v3) so
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that every linear combination of these vectors is also an eigenvector for the same eigenvalue —1. With
this in mind we apply the Gram-Schmidt procedure to vo and vs. First normalizing va leads to

Vo 1 1

"Ml T s

€2

Then, subtracting from vg its projection onto €3 and normalizing results in

-2 v 1 -2

/
vy =v3 — (€2-Vv3)ea = = 3 , €3= = —r= 3
3 -1 |V3| 2\/§ -1

The system €1, €2, €3 is now an ortho-normal basis of eigenvectors, so the matrix

1 1 _ 1
V2 V3 \\/6
P:(€1a627€3): % 0 73
1 _ /2 __1
2 3 2v/3

indeed satisfies PT P = 13 and PT AP = diag(2, -1, —1).

7.4 Normal linear maps

We have seen above that symmetric and hermitian matrices can always be diagonalised by an orthogonal
or unitary basis transformation, respectively. What about matrices which are neither symmetric nor
hermitian? It turns out that a useful criterion for the existence of a diagonalising basis change can be
formulated for the more general class of normal linear maps or matrices.

Definition 7.4. Let V' be a vector space over C with hermitian scalar product (-,-,). A linear map
f:V =V is called normal if fo fi = flof (or, equivalently, iff the commutator of f and fT vanishes,

that is, [f, f1] == fo fl — flof=0).

Recall from Section 6.3 that the adjoint map, f, for a linear map f : V — V is defined relative to a
scalar product on V. Clearly hermitian and unitary linear maps are normal (since f = f1 if f is hermitian
and fTo f = fo ff =idif f is unitary), as are anti-hermitian maps, that is, maps satisfying f = —fT.
If we consider the vector space V' = C" over C with the standard hermitian scalar product then (anti-)
hermitian and unitary maps simply correspond to (anti-) hermitian and unitary matrices and we learn
that these classes of matrices are normal.

A useful statement for normal linear maps is

Lemma 7.4. Let V' be a vector space over C with hermitian scalar product (-,-,) and f:V — V be a
normal linear map. If \ is an eigenvalue of f with eigenvector v then \* is an eigenvalue of f1 for the
same eigenvector v.

Proof. First, we show that the map ¢ = f — Aid is also normal. This follows from the straightforward
calculation

gogt = (F=Aid)o (fI —A"id) = fo /I = X"f = Aft 4 |Ad
= flof—Nf-aff+\Pid=glog.
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Note that some of the properties of the adjoint map in Lemma 6.4 have been used in this calculation.
Now consider an eigenvalue A of f with eigenvector v, so that f(v) = Av or, equivalently, g(v) = 0. Then
we have

0= (gv,gv) = (v,g' o gv) = (v,g o g'v) = (¢'v,¢v) |
and, from the positivity property of the scalar product, (S3) in Def. 6.1, it follows that ¢'(v) = 0. Since
g' = f — \*id this, in turn means that fT(v) = A*v. Hence, A\* is indeed an eigenvalue of f! with
eigenvector v. O

The key property of normal matrices relevant to matrix diagonalization is

Theorem 7.3. Let V be a vector space over C with hermitian scalar product (-,-) and f : V — V a linear
map. Then we have: f is normal <= f has an ortho-normal basis of eigenvectors

Proof. “<=”: Start with an ortho-normal basis €1, ..., €, of eigenvector of f, so that (€;, €;) = J;; and
f(€) = Ai€;. Then
(€, [T(€1)) = (f(€)), &) = A; 6y

which holds for all €; and, hence, implies that fT(e;) = Afe;. From this result we have
fofle)=I\lei=fTo fle)

for all ;. This means that f o fT = ft o f so that f is normal.

“=": Conversely, assume that f is normal. We will show that f has an ortho-normal basis of eigenvectors
by induction in n = dim(V'). For n = 1 the statement is trivial. Assume that it is valid for all dimensions
k < n. Since we are working over the complex numbers, f has at least one eigenvalue A with eigenvector
v, so that f(v) = A(v). Define the sub vector space W = {w € V|(w,v) = 0}, that is the space
perpendicular to v. For any w € W it follows

(f(w),v) = (w,fI(v)) = (w,\"v) = \(w,v) = 0
(ff(w),v) = (w,f(v)) = (w,Av) = Xw,v) =0

where the above Lemma has been used in the first line. This means that f(W) Cc W and fT(W) c W, so
that sub vector space W is invariant under both f and fT. This implies immediately that the restriction,
flw of f to W is normal as well. Since dim(W) = n — 1, the induction assumption can be applied and
we conclude that f|y has an ortho-normal basis of eigenvectors. Combining this basis with v/|v| gives
an ortho-normal basis of eigenvectors for f. O

As we have seen, unitary maps are normal so the theorem implies that they have an ortho-normal
basis of eigenvectors. Focusing on V' = C" with the standard hermitian scalar product this means that
unitary matrices can be diagonalised. The eigenvalues of unitary maps are constrained by the following

Lemma 7.5. Let V be a vector space over C with hermitian scalar product (-,-) and U : V' — V a unitary
map. If X is an eigenvalue of U then |\ = 1.

Proof. Let A be an eigenvalue of U with eigenvector v, so that Uv = Av. From unitarity of U it follows
that
IMN2(v,v) = (Av, \v) = (Uv,Uv) = (v, V),

and, dividing by (v,v) (which must be non-zero since v is an eigenvector), gives |A|?> = 1. O
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Combining these statements we learn that every unitary matrix U can be diagonalised, by means of a
unitary coordinate transformation P, such that PIUP = diag(e’®1,...,e"n). Since orthogonal matrices
are also unitary they can be diagonalised in the same way, provided we are working over the complex
numbers . In fact, we have already seen this explicitly in Example 7.2 (c) where the matrix A is a specific
two-dimensional rotation matrix.

Example 7.4: Three-dimensional rotations — again

Some of our results on eigenvalues and eigenvectors can be used to extract useful properties of three
dimensional rotations without much calculation. We know from the above discussion that, over the
complex numbers, three-dimensional rotations R can be diagonalised (by a unitary basis transformation)
to a matrix diag(e’®!, e’?2, ¢'?3) with phases in the diagonal. However, rotations are matrices with real
entries, acting on R?, and for many purposes it seems more appropriate to work over the real numbers.

Let us see how much we can say allowing for real basis transformation only. First, since a three-
dimensional rotation matrix R has real entries, the coefficients of the characteristic polynomial, x g, are
also real. This means for any eigenvalue A its complex conjugate A* is also an eigenvalue. Combine this
observation with the fact that all eigenvalues of a rotation matrix have complex modulus one and that
their product needs to be one (since det(R) = 1) and we learn that the eigenvalues of a three-dimensional
rotation R must be of the form 1, e*?, e~*®. In particular, for every three-dimensional rotation at least one
of the eigenvalues equals 1 and the corresponding eigenvector n (normalised, so that n - n = 1), which
satisfies

Rn=n, (7.16)

is called the axis of rotation.

Let us consider an ortho-normal basis {n, u;, us} of R? with the axis of rotation as its first basis vector.
What is the matrix, R, representing the rotation R relative to this basis? From Eq. (6.24) this can be
worked out by computing the matrix elements

n-(Rn)=n-n=1, u,-(Rn)=u,-n=0, n-(Ru)=(R'n)-us=n-u,=0 (7.17)

of R. These results show that the representing matrix is of the form

R= < (1) ORZ > , (7.18)

where Ry is a 2 x 2 matrix. However, R is also a rotation and, hence, needs to satisfy RTR = 14
and det(R) = 1. This immediately implies that RI Ry = 15 and det(R2) = 1, so that Ry must be a
two-dimensional rotation, Rs = R(#), of the form given in Eq. (6.40).

In summary, we learn that for every three-dimensional rotation R we can find an orthonormal basis
(where the first basis vector is the axis of rotation) where it takes the form

1 0 0

R (L 0* = cos —sin
Lo )= )

The angle 6 which appears in this parametrisation is called the angle of rotation. Basis-independence of

the trace means that tr(R) = tr(R) = 1 + 2 cos(f) which leads to the interesting and useful formula

cos(6) = % (tx(R) — 1) (7.20)
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for the angle of rotation of a rotation matrix R. This formula allows for an easy computation of the angle
of rotation, even if the rotation matrix is not in the simple form (7.19). The axis of rotation n, on the
other hand, can be found as the eigenvector for eigenvalue one, that is, by solving Eq. (7.16).

For example, consider the matrix

) V2 -1 -1
R=5| 0 V2 V2 | . (7.21)
V2 o1 1

It is easy to verify that R” R = 13 and det(R) = 1 so this is indeed a rotation. By solving Eq. (7.16) for
this matrix (and normalising the eigenvector) we find for the axis of rotation

n= é(l,—l,\/ﬁ—l)T. (7.22)

V5 — 22

Also, we have tr(R) = v/2 4+ 1/2, so from Eq. (7.20) the angle of rotation satisfies

cos(f) = 3(2\/5 —-1). (7.23)

7.5 Simultaneous diagonalization

Frequently, one would like to know whether two n x n matrices A, B can be diagonalized simultaneously,
that is, whether a single basis transformation P can be found such that both PAP~! and PBP~! are
diagonal. One way to solve this problem is to calculate the eigenvectors for both matrices and to check
if a basis of common eigenvectors can be selected. However, this can be tedious. The following theorem
gives a simple criterion which is easy to check.

Theorem 7.4. Let A, B be two diagonalizable n x n matrices. Then we have:
A, B can be diagonalized simultaneously <= [A,B]=0. (7.24)

Proof. “=7: This is the easy direction. Assume that A, B can be diagonalized simultaneously so that
there is a basis transformation P such that both A = P"'AP and B = P~!BP are diagonal. Then

[A,B]= AB— BA=PAP'PBP' -~ PBP'PAP! = P(AB—- BA)P~™' = P[A,B|P~* =0,
=1 =1

since diagonal matrices commute.

“«<": The converse is more difficult and to simplify matters we assume that the eigenvalues of A are non-
degenerate. (Without this assumption the proof goes along similar lines but is more involved.) Since, by
assumption, A can be diagonalized we have a basis, vi, ..., v, of eigenvectors with eigenvalues \1,..., A,
such that Av; = \;v;. The two matrices commute so that

This shows that Bv; is also an eigenvectors of A (or it is the zero vector), with eigenvalue A;. Since the
eigenvalue \; is non-degenerate (and this is where our simplifying assumption enters) it follows that Bv;
must be a multiple of v;, so there should be scalars u; such that

Bv; = pv; .
This means the v; are also eigenvectors of B, although in general for different eigenvalues p;. Hence,

Vi,...,Vy is a basis of common eigenvectors, so A and B can be diagonalized simultaneously. O
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Example 7.5: Simultaneous diagonalization

Can the three matrices

2 —1 3 2 11
() e=(0E) e-(he)
be diagonalized simultaneously? A straightforward explicit computation of the commutators shows that
[A,B] =0, [A,C] #0, [B,C] #0.

Hence, A, B can be diagonalized simultaneously but not A, C' or B, C.

7.6 Applications

Eigenvectors and eigenvalues have a wide range of applications, both in mathematics and in physics. Here,
we discuss a small selection of those applications.

7.6.1 Solving Newton-type differential equations with linear forces

We would like to find the solutions q(t) = (q1(), - .., gn(t))T to the differential equation

d’q

where M is a real symmetric n X n matrix. In a physical context, this differential equation might describe
a system of mass points connected by springs. The practical problem in solving this equation is that, for
a non-diagonal matrix M, its various components are coupled. However, this coupling can be removed by
diagonalizing the matrix M. To this end, we consider an orthogonal matrix P such that PTMP = M =
diag(my,...,my) and introduce new coordinates Q by setting q = PQ. By multiplying Eq. (7.25) with
PT this leads to

PTMPQ o Qs
v r
dt2 —— dt2

=-miQ; for i=1,...,n. (7.26)

In terms of Q the system decouples and the solutions can easily be written down as

a; sin(w;t) + b; cos(w;t) for m; >0
Qi(t) = a;evit 4 be~wit for m; <0  where w; =+/|my|, (7.27)
ait + b; for m; =0

and a;, b; are arbitrary constants. In terms of the original coordinates, the solution is then obtained by
inserting Eq. (7.27) into ¢ = PQ. One interesting observation is that the nature of the solution depends
on the signs of the eigenvalues m; of the matrix M. For a positive eigenvalue, the solution is oscillatory, for
a negative one exponential and for a vanishing one linear. Physically, a negative or vanishing eigenvalue
m; indicates an instability. In this case, the corresponding Q;(t) becomes large at late times (except for
special choices of the constants a;, b;). The lesson is that stability of the system can be analyzed simply
by looking at the eigenvalues of M. If they are all positive, the system is fully oscillatory and stable, if
there are vanishing or negative eigenvalues the system generically “runs away” in some directions.

126



Example 7.6: As an explicit example, consider the differential equations

Pq
7o +q2
d*q
2 - @ +q3
©q3 _
This system is indeed of the general form (7.25) with
1 -1 0
M = -1 2 -1
0 -1 1

This is the same matrix we have studied in Example 7.1 and it has eigenvalues m; = 0, mo = 1 and
ma = 3. Due to the zero eigenvalue this system has a linear instability in one direction. Inserting into
Eq. (7.27), the explicit solution reads

ayt + by
Q(t) = az sin(t) + by cos(t) (7.28)
ag sin(y/3t) 4 b cos(v/3t)

In terms of the original coordinates q, the solution is obtained by inserting (7.28) into q = PQ using the
diagonalizing matrix P given in Eq. (7.14).

7.6.2 Functions of matrices

Start with a real or complex function g(x). We would like to “insert” an n x n matrix A into this function,
that is, we would like to make sense of the expression g(A). This can be done whenever the function has
a (suitably convergent) power series expansion

g(x) =aqg+aix+ a2$2 + .. (729)
In this case, we can define g(A) as
g(A) = agl, + a1 A+ as A + -+, (7.30)

that is, by simply “replacing” x with A in the power series expansion. Note that, convergence assumed,
the RHS of Eq. (7.30) is well-defined via addition and multiplication of matrices and the function “value”
g(A) is a matrix of the same size as A.

Example 7.7: The matrix exponential is defined as
1 1 1
A _ A2 =43 R k
e —]l+A—|—2A +6A + —kE_Ok!A . (7.31)

Since the exponential series converges for all real (and complex) z it can be shown that the matrix
exponential converges for all matrices.
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Computing the function of a non-diagonal matrix can be complicated as it involves computing higher
and higher powers of the matrix A. However, it is easily accomplished for a diagonal matrix A =
diag(ay,...,a,) since A*¥ = diag(a¥, ... ak) so that

g(diag(as,...,a,)) = diag(g(ai), ..., g(ay)) (7.32)

for a function g. This suggest that we might be able to compute the function of a more general matrix
by diagonalizing and then applying Eq. (7.32). To do this, we first observe that computing the function
of a matrix “commutes” with a change of basis. Indeed from

(P7AP)f = p~tApPP L AP...P7'AP = PtAFP
=1

it follows that
g(P~'AP) = P lg(A)P. (7.33)

Now suppose that A can be diagonalized and P~1AP = A = diag(A1, ..., A\n). Then
9(A) = g(PAP™!) = Pg(A)P~" = Pdiag(g(M), ..., 9(\)) P~ (7.34)

That is, we can compute the function of the matrix A by first forming the diagonal matrix which contains
the function values of the eigenvalues and then transforming this matrix back to the original basis. Let
us see how this works explicitly.

Example 7.8: Computing functions of matrices

A= < _1% 212 > (7.35)

which we have already diagonalized in Example 7.2 (d). Recall that the eigenvalues of this matrix are 3,
—1 and the diagonalizing basis transformation is given by

=501 1)

so that UTAU = diag(3, —1). We would like to calculate g(A) for the function g(x) = 2™, where n is an
arbitrary integer. Then, from Eq. (7.34), we have

g(A) = U diag(3", (—1)" U = < ()" 43" —i((~1)" —3") ) |

(a) Let us consider the hermitian matrix

2 \i((=1)"—3") (=)™ +3"

(b) For another example consider the matrix

01
w1 01

where 6 is an arbitrary real number. Apart from the overall 6 factor (which does not affect the eigenvectors
and multiplies the eigenvalues) this is the matrix we have studied in Example 7.2 (c). Hence, we know
that the eigenvalues are +i6 and the diagonalizing basis transformation is
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so that PTAP = diag(if, —if). From Eq. (7.34) we, therefore, find for the matrix exponential of A

: ) 1/1 1 e? 0 1 —i cosf sind
A . 0 —if Tt = . —
e = Pdiag(e™, ") P! = 2 ( P > < 0 e > ( 1 4 > ( —sinf cos@ ) ’

It is not an accident that this comes out as a two-dimensional rotation. The theory of Lie groups states
that rotations (and special unitary matrices) in all dimensions can be obtained as matrix exponentials
of certain, relative simple matrices, such as A in the present example. This fact is particularly useful in
higher dimensions when the rotation matrices are not so easily written down explicitly. To explain this in
detail is well beyond the scope of this lecture.

Sometimes functions of matrices can be computed more straightforwardly without resorting to diago-
nalizing the matrix. This is usually possible when the matrix in question is relatively simple so that its
powers can be computed explicitly. Indeed, this works for the present example and leads to an alternative
calculation of the matrix exponential. To carry this out we first observe that A? = —§%15 and, hence,

A2n — (_1)719277,]]_2 ’ A2n+1 — (_1)n92n+1T )

With these results it is straightforward to work out the matrix exponential explicitly.

= 1 > o
A = - n = - 2n s 27L+1
o nz::o”!A Z:O@n)!A +n§(2n+l)!A
%) (_1)719211 e (_1)n92n+1 |
) e onin LT 1 T.
nzo (o) 7 " 7;) (2n+1)! cos(0) 15 + sin(0)

This coincides with the earlier result, as it must.

(c) We can take the previous example somewhat further and consider the three Pauli matrices o;, defined

by
01 0 —1 1 0
01—<1 0), Jg—(i 0), 03—<0 _1>. (7.36)

The three-dimensional vector space £ := Span(o,09,03) over R spanned by the Pauli matrices consists
of all 2 x 2 hermitian, traceless matrices. The Pauli matrices have a number of nice algebraic properties
which can be summarized by the relation

0i0j = ]lgéij + ieijko-k , (737)

which is easily verified by using the explicit matrices above. For example, this relation implies immediately
that their commutator (defined by [A, B] := AB — BA) and anti-commutator (defined by {4, B} :=
AB + BA) are given by

[Ui, O‘j] = 2i6¢jk0k N {O’i, Uj} = 2]1251‘]' . (7.38)

We would like to work out the matrix exponential of an arbitrary linear combination of the Pauli matrices.
Introducing the formal vector o = (01,09, 03)T
components a; as a - o = a;0;. Multiplying Eq. (7.37) with a;a; shows that (a-o)* = |a|?15 and, hence,
for an arbitrary positive integer n,

we can write such a linear combination for a vector a with

(a-0)™ = a1y, (a-o)"!=la"a 0. (7.39)

Thanks to these relations it is now easy to work out the matrix exponent of ifn - o, where n is a unit
vector and 6 a real number, even without prior diagonalization. Using the Egs. (7.39) with a = n we find

U:=exp(ifn o) = Z (22')" (n-o)" =cos(f)la +isin(é)n-o . (7.40)
n=0
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Remembering that 03 = 0y, it is easy to verify that
U'U = (cos(6)12 — isin(f)n - o) (cos(d) 12 +isin(@)n - o) = 1o, (7.41)

and, hence, the matrix exponentials U are unitary. Writing U out explicitly, using the Pauli matrices (7.36)
and Eq. (7.40), gives
U= < cos +ingsinf  (ng +ing)sin6 >

—(ng —iny)sin@ cosfh — ingsinf (7.42)

This shows that det(U) = |n|?> = 1 so that U is, in fact, special unitary. It turns out that all 2 x 2 special
unitary matrices can be obtained as matrix exponentials of Pauli matrices in this way, another example of
the general statement from the theory of Lie groups mentioned earlier. Indeed, the matrix (7.42) can be
converted into our earlier general form for SU(2) matrices in Eq. (6.59) by setting a = cos #+ing sin 6 and
B = (n2 +iny)sinf. In mathematical parlance, the vector space £ of 2 x 2 hermitian, traceless matrices
is referred to as the Lie algebra of the 2 x 2 special unitary matrices SU(2).

Example 7.9: Solving differential equations with matrix exponentials

Consider the simple first order ordinary differential equation

dz
— =ax
dt
for a real function t — x(t) and an arbitrary real constant a. The general solution to this equation is of
course

z(t) = ec, (7.43)

for an arbitrary “initial value” ¢. What about its multi-dimensional generalization

dx

— = Ax 7.44

at (744)
where x(t) = (z1(t),...,2,(t))" is a vector of n real functions and A is a constant real n x n matrix? The

straightforward generalization of the solution (7.43) to the multi-dimensional case reads
x(t) = el (7.45)

where c is an arbitrary n-dimensional vector. Note that, given our definition of the matrix exponential,
Eq. (7.45) makes perfect sense. But does it really solve the differential equation (7.44)7 We verify this
by simply inserting Eq. (7.45) into the differential equation (7.44), using the definition of the matrix
exponential.

dx d 4 d<=1 | . =1
at — datt °T dt = n! ¢ nz:l (n—1)! ¢ T;)n! ¢ x (7.46)

Hence, Eq. (7.45) is indeed a solution for arbitrary vectors c.
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7.6.3 Quadratic forms

A quadratic form in the (real) variables x = (x1,...,2,)? is an expression of the form
n
q(x) := Z Qijxir; = xTQx . (7.47)
ij=1

where @ is a real symmetric n X n matrix with entries @;;. We have already encountered examples of such
quadratic forms in Eq. (6.84) and the comparison shows that they can be viewed as symmetric bi-linear
forms on R™. Our present task it to simplify the quadratic form by diagonalizing the matrix Q. With the
diagonalizing basis transformation P and PTQP = Q = diag(A1, ..., Ay) and new coordinates defined by
x = Py we have

n
g(x) =x"PQPTx =y"Qy = > Ny} . (7.48)
i=1
Hence, in the new coordinates y the cross terms in the quadratic form have been removed and only the
pure square terms, yf, are present. Note that they are multiplied by the eigenvalues of the matrix Q).

Application: Kinetic energy of a rotating rigid body
In Section (2), we have shown that the kinetic energy of a rotating rigid body is given by

1 1 7
Eyin = 5 le‘jwiwj = §w ITw. (7.49)
27]

where w = (w1, ws,ws3)? is the angular velocity and I is the moment of inertia tensor of the rigid body.
Clearly, this is a quadratic form and by diagonalizing the moment of inertia tensor, PIPT = diag(ly, I3, I3)
and introducing 2 = Pw we can write

3
1
By = 3 z; L2 (7.50)
1=

This simplification of the kinetic energy is an important step in understanding the dynamics of rigid
bodies.

Quadratic forms can be used to define quadratic curves (in two dimensions) or quadratic surfaces (in three
dimensions) by the set of all points x satisfying

x'Qx =c, (7.51)

with a real constant ¢. By diagonalizing the quadratic form, as in Eq. (7.48), the nature of the quadratic
curve or surface can be immediately read off from the eigenvalues \; of ) as indicated in the table below.

condition on eigenvalues \; H two dimensions \ three dimensions

all \; equal, same sign as ¢ circle sphere
all \; have same sign as ¢ ellipse ellipsoid
A; with both signs hyperbola hyperboloid
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In terms of the coordinates y = Px which diagonalize the quadratic form as in Eq. (7.48), the curve or
surface defined by Eq. (7.51) can be written as

Z)‘iyi? =c. (7.52)

Focus on the case of an ellipse or ellipsoid. The standard form of the equation defining an ellipse or
ellipsoid is given by

2
Yi

where [; can be interpreted as the lengths of the semi-axes. By comparison with Eq. (7.52) we see that

these lengths can be computed from the eigenvalues of the matrix @) by

C
li= 4/~ .54
. (7.54)

In the basis with coordinates y the semi-axes are in the directions of the standard unit vectors e;. Hence,
in the original basis with coordinates x the semi-axis are in the directions v; = Pe;, that is, in the
directions of the eigenvectors v; of Q).

Example 7.10: Quadratic curve in R?

Consider a quadratic curve in R? which is defined by all points x = (x1,z2)7 which satisfy the equation
q(x) = 322 + 22129 + 223 = 1

The quadratic form can also be written as ¢(x) = x Ax where
31
(21,

B 3—x 1 .2
XA(A)—det< . 2_)\>—)\ —B5A+5,

The characteristic polynomials for A is

which leads to eigenvalues A+ = (54 v/5)/2. The corresponding eigenvectors (not normalized) are given

N e () v (1) -
+ 2 rT 2 ' '

Since both eigenvalues are positive, but different this curve is an ellipse. In the diagonalizing coordinates
y = (y1, yg)T the equation for this ellipse can be written as

aly) = ey + Ay =1.

2 2
Comparing with the standard form ‘Z—é + Z—% =1 of an ellipse shows that the lengths of the two half axes

S 2 S 2
VA s+ vE] VA Vs—vs

The directions of these two half-axes with lengths 1/4/A1 are given by the eigenvectors vy in Eq. (7.55).

are given by
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Literature

A large number of textbooks on the subject can be found, varying in style from “Vectors and Matrices for
Dummies” to hugely abstract treaties. I suggest a trip to the library in order to pick one or two books in
the middle ground that you feel comfortable with. Below is a small selection which have proved useful in
preparing the course.

o Mathematical Methods for Physics and Engineering, K. F. Riley, M. P. Hobson and S. J. Bence,
CUP 2002.
This is the recommended book for the first year physics course which covers vectors and matrices
and much of the other basic mathematics required. As the title suggests it is a “hands-on” book,
strong on explaining methods and concrete applications, rather weaker on presenting a coherent
mathematical exposition.

e Linear Algebra, S. Lang, Springer, 3rd edition.
A nice mathematics books, written by a famous mathematician and at a fairly informal level, but
following the mathematical logic of the subject.

e Linear Algebra. An Introductory Approach, C. W. Curtis, Springer 1996.
A useful mathematics book but, despite the understating title, more formal than Lang.

e Linear Algebra, K. Janich, Springer 1994.
A mathematics book but with an attempt at intuitive presentation (many figures) and some con-
nections to physics.
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A Definition of groups and fields

Definition A.1. (Definition of a group) A group G is a set with an operation

:GxG—=G, (g,h)—g-h “group multiplication”
satisfying:

(G1) g-(h-k)=1(g-h)-k forall g,h,k €G. “associativity”

(G2) There exists a 1 € G such that 1-g = g for all g € G. “neutral element”

(G3) For all g € G, there exists a g~ € G, such that g~1 - g=1. “inverse”
The group is called Abelian if in addition
(G4) g-h="h-g forall g,h € G. “commutativity”

Definition A.2. (Definition of a field) A field F is a set with two operations

(i) addition: +: F x F — F, (a,b) > a+b
(11) multiplication: - : F x F — F, (a,b) - a-b

such that the following holds:

(F1) F is an Abelian group with respect to addition.
(F2) F\O is an Abelian group with respect to multiplication.
(F3)a-(b+c)=a-b+a-c foralla,bceF.

Standard examples of fields are the rational numbers, @, the real numbers, R and the complex numbers,
C. Somewhat more exotic examples are the finite fields F, = {0,1,...,p — 1}, where p is a prime number
and addition and multiplication are defined by regular addition and multiplication of integers modulo p,
that is, by the remainder of a division by p. Hence, whenever the result of an addition or multiplication
exceeds p — 1 it is “brought back” into the range {0, 1,...,p — 1} by subtracting a suitable multiple of p.
The smallest field is Fo = {0, 1} containing just the neutral elements of addition and multiplication which
must exist in every field.

B Some basics of permutations

Permutations of n objects, the numbers {1, ...,n} to be specific, are mathematically described by bijective
maps o : {1,...,n} — {1,...,n} and the set S, of all such permutations is given by
Sp={c:{1,....,n} = {1,...,n}]| o is bijective} . (B.1)

Clearly, this set has n! elements and it forms a group in the sense of Def. A.1, with composition of maps
(which is associative) as the group operation, the identity map as the neutral element and the inverse map
ol e S, as the group inverse for o € S,. Permutations are also sometimes written as

= (ol oty ot ) 2

so as a 2 X n array of numbers (not a matrix in the sense of linear algebra), indicating that a number in
the first row is permuted into the number in the second row underneath. The permutation group Ss has

only two elements
1 2 1 2
we{(id) (2 1)) ®
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the identity element and the permutation which swaps 1 and 2. Clearly, Sy is Abelian (that is, map
composition commutes) but this is no longer true for n > 2. For example, in S3, the two permutations

1 2 3 1 2 3
o-]-_<1 3 2>7 02_<2 1 3> (B4)

1 2 3 1 2 3
01002:<3 X 2> but 02001:(2 3 1>. (B.5)

The special permutations which swap two numbers and leave all other numbers unchanged are called
transpositions.

do not commute since

Lemma B.1. Every permutation o € S, (for n > 1) can be written as 0 = 11 0 --- o 7, where 7; are
transpositions.

Proof. Suppose that o maps the first k1 —1 > 0 numbers into themselves, so o(i) =i foralli =1,...,k; —1
and this is the maximal such number, so that o(k1) # o(k1) and, indeed, (k1) > k1. Then define 7 as
the transposition which swaps k1 and o(k;). The permutation o1 = 71 o o then leaves the first ko — 1
numbers unchanged and, crucially, k2 > k1. We can continue this process until, after at most n steps,
id =71, 0---71 00. Since transpositions are their own inverse it follows that o = 7 o --- o 7. ]

We would like to distinguish between even and odd permutations. Formally, this is achieved by the
following

Definition B.1. The sign of a permutation o € S, is defined as
o(i) —o(g
1<J J
A permutation o is called even if sgn(o) = 1 and it is called odd if sgn(o) = —1.

We note that the numerator and the denominator on the RHS of Eq. (B.6) have, up to signs, the same
factors and, therefore, sgn(o) € {£1}. The sign satisfies the following important property.

Theorem B.1. sgn(o o p) = sgn(o) sgn(p) for all o,p € Sp,.

Proof.
(oo o) = TT 2P0 —ap(@) _ yp olpli) = o(p(@)) v rU) — (i)
enloen) = 1725 0= 5=
I a2 IR,
—p(ig(j) )y SEulp) =sen(o) sen(p)
O
For a transposition 7 € S,, we have from Eq. (B.6) that
sgn(r) = —1. (B.7)

If we write an arbitrary permutation ¢ € 5, in terms of transpositions, ¢ = 7 o --- o 7, then, from
Theorem B.1, we find

sgu(o) = sgn(n) - --sgn(my) = (=1)* . (B.8)
This means that even permutations are precisely those which are generated by combining an even number
of transpositions and odd permutations those which are obtained from an odd number of transpositions.
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C Tensors for the curious

Tensors are part of more advanced linear algebra and for this reason they are often not considered in an
introductory text. However, in many physics courses there is no room to return to the subject at a later
time and, as a result, tensors are often not taught at all. To many physicists, they remain mysterious,
despite their numerous applications in physics. If you do not want to remain perplexed, this appendix is
for you. It provides a short, no-nonsense introduction into tensors, starting where the main text has left
off.

We start with a vector space V' over a field I’ with basis €1, ..., €, and its dual V*. Recall, that V* is the

vector space of linear functionals V — F. From Section 6.5, we know that V* has a dual basis €!,...,€”
satisfying ‘ A
€.(€j) =05 . (C.1)

In particular, V' and V* have the same dimension. An obvious, but somewhat abstract problem which we
need to clarify first has to do with the “double-dual” of a vector space. In other words, what is the dual,
V** of the dual vectors space V*? Our chosen terminology suggests the double-dual V** should be the
original vector space V. This is indeed the case, in the sense of the following

Lemma C.1. The linear map 3 : V. — V** defined by j)(v)(¢) = ¢(v) is bijective, that is, it is an
isomorphism between V. and V**.

Proof. From Lemma 3.1 and since dim(V') = dim(V*) = dim(V**) all we need to show is that Ker(y) =
{0}. Start with a vector v = v'e; € Ker(y). Then, for all ¢ € V*, we have 0 = 5(v)(p) = ¢(v). Choose
¢ = € and it follows that 0 = €/(v) = v/. Hence, all component v/ vanish and v = 0. O

Note that the definition of the above map j does not depend on a choice of basis. For this reason it is
also referred to as a canonical isomorphism between V or V**. We should think of V' and V** as the
same space by identifying vectors v € V with their images j(v) € V** under j. Since V** = V consists
of linear functionals on V* this means that the relation between V and V* is “symmetric”. Not only can
elements ¢ € V* act on vectors v € V but also the converse works. This is the essence of the relation
J(v)(p) := p(v), defining the map 7, which, by abuse of notation, is often written as

v(p) =¢(v). (C.2)

Having put the vector space and its dual on equal footing we can now proceed to define tensors. We
consider two vector spaces V and W over F' and define the tensor space

V*eW*:={r:V xW — F |7 bi-linear} . (C.3)

In other words, the tensor space V*®@ W™ consists of all maps 7 which assign to their two vector arguments
v € V and w € W a number 7(v,w) and are linear in each argument. Note that we can think of this
as a generalization of a linear functional. While a linear functional assign a number to a single vector
argument, the tensor 7 does the same for two vector arguments. This suggests that tensors might be
“built up” from functionals. To this end, we introduce the tensor product ¢ ® ¥ between two functionals
e V*and yp € W* by

(6 & V)V, w) i= p(V)b(W) | (C.4)

Clearly, the so-defined map ¢ ® ¥ is an element of the tensor space V* ® W* since it takes two vector
arguments and is linear in each of them (since ¢ and v are linear in their respective arguments).

Can we get all tensors from tensor products? In a certain sense, the answer is “yes” as explained in the
following
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Lemma C.2. For a basis {€.}, where i = 1,...,n, of V* and a basis {€*}, where a = 1,...,m, of W*
the tensor products {€. ® €} form a basis of V¥ @W*. In particular, dim(V* @ W*) = dim(V*) dim(W*).
Proof. We introduce the dual basis {€;} on V and {&} on W so that €(e;) = (5;- and €}(€&,) = of.
As usual, we need to prove that the tensors €. ® €% are linearly independent and span the tensor space
V* @ W*. We begin with linear independence.

D Tiel @&l =0
7,
Acting with this equation on the vector pair (€;, €) gives
0= Tin€L ® €X(€j, &) = > _ Tin€l(€;)EL(E) = Y _ Tiabj0f = Tjp -
i,a 7,0 2,a
Hence, since all coefficients 7j, = 0 linear independence follows.

To show that the space is spanned start with an arbitrary tensor 7 € V* @ W*. We define its
“components” T, := 7(€;, €,) and the tensor

i o b
= E Tip€l @ €, .
j?b

Since (i(€;, €,) = Tia = T(€;, €4), the tensors p and 7 coincide on a basis and, hence, © = 7. We have,
therefore, written the arbitrary tensor 7 as a linear combination of the €] ® €. O

The above Lemma provides us with a simple way to think about the tensors in V* ® W*. Given a
basis {€;} on V and {€,} on W the tensors in V* ® W* are given by

T = ZTiaGi ® é: ) (05)
2,0

where 7;, € F' are arbitrary coefficients. Often, the basis elements are omitted and the set of components
Tia, labelled by two indices, are referred to as tensor. This can be viewed as a generalization of vectors
whose components are labelled by one index.

Tensoring can of course be repeated with multiple vector spaces. A particularly important tensor
space, on which we will focus from hereon, is

V®---®V®V*®---®V*:Span{eh@---@eip@ef;l®--~®ei"}, (C.6)
P q

formed from p factors of the vector space V and ¢ factors of its dual V*. Its dimension is dim(V)PT4. A
general element of this space can be written as a linear combination

T = Z 7]111;5621 Q& eip ® 611 PRy eiq ) (07)

il,"'vipzjl---,jq

and is also referred to as a (p, q) tensor. It can also be represented by the components 7;11;5

p upper and ¢ lower indices and practical applications are often phrased in those terms. From a (p,q)

and an (r,s) tensor ui{flf’" we can create a new tensor by multiplication and contraction

which carry

i1-ip
tensor Ti1eejq
(that is summation) over some (or all) of the upper indices of 7 and the lower indices of 4 and vice versa.
Such a summation over same upper and lower indices is in line with the Einstein summation convention

and corresponds to the action of dual vectors on vectors, as discussion in Section 6.5.

It is probably best to discuss this explicitly for a number of examples. It turns out that many of the
objects we have introduced in the main part of the text can be phrased in the language of tensors.
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Example C.1: Examples of tensors

(a) Vectors as tensors
A vector v = v'€¢; in a vector space V with basis {€;} is a (1,0) tensor and, accordingly, its component
form is v*, an object with one upper index.

(b) Dual vectors as tensors
Linear functionals ¢ = ¢;€% in the dual vector space V* with dual basis {€.} are (0,1) tensors and are,
hence, represented by components ; with one lower index. As already discussed in Section 6.5, the action

of a linear functional on a vector is given by

p(v) = pivlel(e)) = e’ 65 = v, (C.8)

which corresponds to the contraction of a (1,0) and a (0,1) tensor over their single index to produce a
(0,0) tensor, that is, a scalar.

(c) Linear maps and matrices as tensors

Consider a linear map f : V' — V which is represented by a matrix A relative to the basis {€;} of V.
Then, from Lemma 3.3, the components A’; of A are obtained from the images of the basis vectors via
f(&j) =3, A'je;. We can re-write this relation as f(e;) = A'xe;€¥(e;) and, stripping off the basis vector
€; on either side, this leads to

f=Ake®er. (C.9)

Hence, a linear map can be viewed as a (1,1) tensor whose components Ay have one upper and one lower
index (refining our notation from the main part of the text, where we have used two lower indices for
matrices) and form the entries of the representing matrix for f. In components, the action of the linear
map on the vector v = vFe; can, of course, be written as a matrix multiplication

vt = AP (C.10)
In tensor language this amounts to the contraction of a (1,1) tensor (the matrix A%) and a (1,0) tensor
(the vector v*) to produce another (1,0) tensor (the resulting image vector A%jv*).

(d) The identity map as a tensor
The identity map, idy is of course represented by the unit matrix, 1, whose entries are given by the
Kronecker delta 52 so that

idy = 5261 X Ef . (C.ll)

From this point of view we can interpret the Kronecker delta as a (1,1) tensor.

(e) Bi-linear forms as tensors
For a bi-linear form (-, -) on a vector space V with basis {€;} define the metric g;; := (€;, €;), as we have
done in Section 6.5. Then we can write

(-,-)=gye. @€, (C.12)

so that the bi-linear form can be viewed as a (0, 2) tensor with components g;;. The scalar product of two
vectors v = v'e; and w = wle; is o
(v,w) = gjjv'w’ | (C.13)

and can, hence, be viewed as the contraction of a (0,2) tensor (the metric g;;) with two (1,0) tensors (the
vectors v' and w’) to form a scalar (the value g;;v'w’ of the scalar product).

If the bi-linear form is non-degenerate then, from Lemma 6.6, the metric g;; is invertible. Its inverse
is written as a (2,0) tensor g which satisfies

97 gk = 6}, - (C.14)
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As we have seen in Lemma 6.6, a non-degenerate bi-linear form leads to an isomorphism ¢ : V. — V*
between the vector space and its dual and we can use this to define a scalar product (-, - ), on the dual
vector space V* by

(0, 0)s = (1), 0 (¥)) - (C.15)

Since the representing matrix for ¢ is g;; its inverse, 171, is represented by ¢*/. Hence, we can write the
scalar product on the dual vector space as

(0, )% = gij9% org Py = g7 pih; or (-, ). =g @€ . (C.16)

This shows that the scalar product (-, - ), on V* can be viewed as a (2,0) tensor with component g*/.

The identification of vector space and dual vector space by a non-degenerate bi-linear form (via the
map ¢ and its representing matrix g;;) can be extended to tensors and used to change their degree. We
can use the metric g;; to lower one of the (upper) indices of a (p,q) tensor, thereby converting it into
a (p—1,q+ 1) tensor and the inverse metric g¥ to raise a (lower) index of a (p, q) tensor to produce a
(p+1,q—1) tensor.

If the basis {€;} is an ortho-normal basis of the scalar product (-, -), then the metric is g;; = 0;;
and its inverse ¢/ = ¢ and, from this point of view, the Kronecker delta d;j is a (0,2) tensor and its
upper-index version, 6, a (2,0) tensor.

(f) Determinant as a tensor

We consider V' = R" (or V = C") with the basis of standard unit vectors {e;} and the associated dual
basis {el}. The determinant is, by definition, linear in each of its n vectorial arguments and is, therefore,
a tensor. To make this more explicit we start with n vectors v; = v]e; and write

det(vi, ..., vn) = €y vl vl =6y @ @@ el (v, ..., V) (C.17)
Stripping off the vectorial arguments results in
det = €;,...;, € ---en (C.18)

which shows that the determinant can be viewed as a (0,7n) tensor whose components are given by the
Levi-Civita tensor €;,...;,. Computing the determinant amounts to contracting the Levi-Civita (0, n) tensor
into n (1,0) tensors (that is, into n vectors), resulting in a scalar.
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